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Abstract

The variational theory is an inextricable part of bo uu chanics

nonlinear system, and it is more difficult for a fractionaRdifferential system.
This paper is to search for a variational formulation fer the Schrodinger-
KdV system with M-fractional The fractional complex
transformation is used to convert traditional differential
system, and the semi-inverse me i plied to establish a needed
variational principle.
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1. Introduction

The variational principle is of paramount i ance in engineering applications[1], it is an inextricable part of
both continuum mechanics and physi st famous one is the Hamilton principle [2], which can be used to
establish governing equations forfa complex’problem [3-5]. The variational principle is also used to search for an
approximate solution [6,7and numerical/solution[8] of a nonlinear differential equation, the most famous ones are
Hamiltonian-Based frequen%‘ formulation for nonlinear vibration systems[6], and the variational iteration

ations[9,10], the variational-based finite element method[11].

method for nonlinear différent
Recently the varia th in a fractal space[12,13] became a hot topic in both mathematics and physics,
because the basic asstimp in continuum mechanics become totally invalid, however the variational theory still

holds, that mean energy conservation and mass conservation and Hamilton principle still work in a fractal space
though the physical | n a fractal space can not be modelled by the differential equations. Variational principles
for varigt aves[14-19] nano/microelectromechanical systems[12], singular waves[13] and microgravity
systems actal space were established. In this paper we will search for a variational formulation for

Schrédin

2. Schrodipger-KdV system with M-fractional derivatives

gér-KdV system with M-fractional derivative[21].

The Schrodinger-KdV system is a hot topic in both physics and mathematics[21-23], this paper considers the
following Schrédinger-KdV system with M-fractional derivative[21]
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where the coefficients involved in Eq.(1) are real constants, W is a complex function, while U is a real-valued
function. The M-fractional derivative is defined as[21, 24,25]

W(tE, (st™)) —w(t)

wg' = lim . ©
¥ >0,0 < a <1. where the truncated Mittag-Leffler function is defined as
O
E,(t)= kZ_;WkH), 4

When ¢ = =1, Egs.(1) and (2) turn to be the traditional Schro “KdV system[22,23]. When 4, =0,
Eqg.(1) is the well-known Schrddinger equation for quantum waves[26,27]. e quantum wave travels through
a moving dispersive medium with velocity of u, a dispersive term (A,WU ) Has to be considered in Eq.(1), while

Eq.(2) describes a KdV-like solitary wave[28]. The dispersive me can be considered as a fractal space, so the
system can be modelled by a fractional differential mogd€l, wi an aJso be used to model neural networks[29] and
Benjamin-Bona-Mahony equation[30].

3. Fractional complex transformation

The fractional complex transformation w t proposed in 2010 [31], it can be explained as an approximate

transformation from a fractal space/te,a smae0bth space, in literature it was also called as the two-scale fractal
transformation[32], and its geometrical an s available in Ref.[33].
tr

According to the fractional com ation[31,33], we introduce two new variables (W and U) defined
as
[
w=W (1)e", u = ®)

_$
where the compl & and ¢ are defined, respectively, as

C(y, + % +F(72+l) ot
a

(6)

(7, +1) X + I'(y,+1) ot @

a

where constants K;,K, and p,, o, are constants. Substituting Egs.(5)-(7) into Eqgs.(1) and (2) , using the chain
role given in Ref.[33], and separating the real part and the imaginary part, we have[20]

AKW " = (o, +KZ)W + LW * + WU =0 (8)
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(o, +2kk, )W =0 (10)

where the prime is the derivative with respect to A . Combining Eq.(9) and Eq.(10) together, we have

1
o,kU" + Eolu 2 -2k, AU +oW?=H (11)
where H is an integration constant. By the fractional complex transformation[31,33%the ional
Schrédinger-KdV system given in Egs.(1) and (2) turns out to be the traditional differential sys in Eqs.(8)
and (11), so the problem becomes extremely simple.
4. Variational formulation @
This paper is to establish a variational formulation for Eqgs.(8) and (11 S we first consider a special

case when o, =0 and 4, =0, Egs.(8) and (11) become, respectively,

AKW" —(p, +KZA)W + AW =0 (12)

okU" +%0'1U 22k, 4U =H (13)
Eq.(11) is the well-known Duffing oscillator[34-37], its Vi@fiational formulation is

JW)= j ——Alkz\N’z A% += ,gw dl (14)

Eq.(12) adoptsthefollowmgv ational formulation

JZ(U)=j{—1 ngalutkzzluz—w}dx (15)

The semi-inv ethod[38] has to be adopted to search for a variational formulation for cases when A, # 0

method[38], we can construct a trial-functional in the form
)=k, W)+ J,U)+ [FW,U,W',U"dA (16)

where J, and J, are defined respectively in Egs.(14) and (15), k is an unknown constant, and F is an

unknown function of W and/or U and/or their derivatives.
The trial-functional given in Eq.(16) turns out to be J, or J, under special conditions. There are many

alternative candidates for the trial-functions, see examples in Refs.[39-44].
The Lagrange function in Eqg.(16) can be expressed as
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1 21112 1 3 2
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The Euler-Lagrange equations can be written as

oL d , oL
(22 =0
oW dA oW
oL d oL
=22 =0
oU di ou

Egs.(18) and (19) imply that
" 2 3 5F
K[ kW = (o, + kAW +2W° [+ =<0

0'2k12U”+%0'1U2—2k2/11U —-H +§U—F=o

where the variational derivative is defined as

5_F_5_F_i(5':)
W oW dA aw’ @

Egs.(20) and (21) should be equivalent gs.(8) and (11), to this end, we set

SF ,,
= k[ Ak

W + AW | = kWU

%:-[ ok O 2—2k2/?1U—H}=a3W2

Eq.(25) implies that

k4, = 20,

From Eq.(26), the unknown parameter (K ) can be determined:

a7

oy
o,
K<

(20)

(21)
(22)

(23)

(24)

(25)

(26)
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_ 20,

k= (27)
4
From EQgs.(23) and (24), and in view of Eq.(27), F can be identified as
1 2 2
F :EkﬂGW U=ocWU (28)

Finally we obtain the following variational formulation

JW,U) =J.L(\N,U W' uUNdA :%Jl(\N)+J2(U)+IJ3WZUd/1 (29)
where the Lagrange function reads @

i ' _% _l '2_1 2
LW,U,W"U") = ﬂj 5 AW = (0, + kG AW

(28)
1 1
{—Eazkfu 2 +EO'1U3 —k,AU? +o WU —HU
5. Conclusion
This paper applies the semi-inverse method to finding aWakiational formulation for the Schrédinger-KdV system

with the M-fractional derivatives.

Re
[1]
[2]
(3]

[4]
[5]

[6]
[7]
[8]
9]

ferences @

T. Belytschko, Y. Y. L
Methods in Engi?ering,
E. L. Hill, Hamilton,pri
Physics, 23(3), pp.

Gu, ment-free Galerkin methods, International Journal for Numerical
7 (2), pp.229-256, 1994.

i d the conservation theorems of mathematical physics, Reviews of Modern
1.

ies Mechanical Engineering, 20 (3), pp.539-552, 2022.
. M. Smith, S. N. Stechmann, Hamilton's principle with phase changes and conservation

pp.1056-1072, 2023.

¥ Ma, Simplified Hamiltonian-Based frequency-amplitude formulation for nonlinear vibration systems,
Facta Universitatis Series Mechanical Engineering, 20 (2), pp.445-455, 2022.

S. Q. Wang, A variational approach to nonlinear two-point boundary value problems, Computers &
Mathematics with Applications, 58(11), pp. 2452-2455, 2009.

X. J. Li, D. Wang, T. Saeed, Multi-scale numerical approach to the polymer filling process in the weld line
region, Facta Universitatis Series: Mechanical Engineering, 20 (2), pp.363-380, 2022.

S. X. Deng, X. X. Ge, The variational iteration method for Whitham-Broer-Kaup system with local
fractional derivatives, Thermal Science, 26 (3), pp.2419-2426, 2022.

[10] Y. N. Zhang, D. Tian, J. Pang, A fast estimation of the frequency property of the microelectromechanical

system oscillator, Journal of Low Frequency Noise, Vibration and Active Control, 41 (1), pp.160-166, 2022.



6 First author et al.

[11] G. Breitbach, J. Altes, Sczimarowsky, M. Solution of radiative problems using variational based finite
element method, International Journal for Numerical Method in Engineering, 29 (8), pp.1701-1714, 1990.

[12] C. H. He, A variational principle for a fractal nano/microelectromechanical (N/MEMS) system,
International Journal of Numerical Methods for Heat & Fluid Flow, 33 (1), pp.351-359, 2023.

[13] C. H. He, C. Liu, Variational principle for singular waves, Chaos, Solitons & Fractals, 172, 113566, 2023.

[14] Y. Wang, Q. G. Deng, Fractal derivative model for tsunami traveling, Fractals. 27(1), 1950017, 2019.

[15] Y. Wang, J. Y. An, X. Q. Wang, A variational formulation for anisotropic wave traveling in a porous
medium, Fractals, 27(4), 1950047, 2019.

[16] K. L. Wang, C. H. He, A remark on wang's fractal variational principle, Fractals, 27(8), 1950134, 2019.

[17] W. W. Ling, P. X. Wu, A fractal variational theory of the Broer-Kaup system in shallow waves,
Therm Sci. 25(3), pp.2051-2056, 2021.

[18] K. J. Wang, A fractal modification of the unsteady Korteweg-de Vries model and its ralized fractal
variational principle and diverse exact solutions, Fractals, 30(9), 2022.

[19] K. J. Wang, G. D. Wang, H. W. Zhu, Generalized variational principles and new ab waye structures
of the fractal coupled Boussinesq equation, Fractals, 30(7), 2250152, 2022.

[20] S. W. Yao, Variational perspective to fractal Kawahara model in microgravity spacé€, Fragtals, 31(1), 2023.

[21] B. Hong, Abundant explicit solutions for the M-fractional coupled nonlin chr@dinger—KdV equations.
Journal of Low Frequency Noise, Vibration and Active Control, 42 p -1241, 2023.

[22] F. F. Liang, X. P.Wu, C. L.Tang, Ground State Solution fo inge System with Periodic
Potential, Qualitative Theory of Dynamical Systems, 22(1),

[23] F. F. Liang, X. P. Wu, C. L.Tang, Normalized Ground-State So n for the Schrodinger-KdV System,
Mediterranean Journal of Mathematics, 19(6), 254, 2022.

[24] S. W. Yao, R. Manzoor, A. Zafar, S. Abbagari, A. Houwe, Exact/soliton solutions to the Cahn-Allen
equation and Predator-Prey model with truncated M-fr; | derivative, Results in Physics, 37, 105455,
2022.

[25] S. Salahshour, A. Ahmadian, S. Abbasb anu. M-fractional derivative under interval
uncertainty: Theory, properties and applications, itons and Fractals, 117, pp.84-93, 2018.

[26] B. Hong, Exact solutions for the conformable f al coupled nonlinear Schrédinger equations with
variable coefficients. Journal of Low Frequency Noise, Vibration and Active Control, 42(2), pp.628-641,
2022.

[27] M. Suleman, D. Lu, C. Yueget al., aplace method for general nonlinear periodic solitary solution of
vibration equations. Journa ncy Noise, Vibration and Active Control, 38, pp.1297-1304,
20109.

[28] D. X. Zhao, D. C. Lu, S. lamajiet7al., Soliton wave solutions of ion-acoustic waves a cold plasma with
negative ions, 41(3), pp.852-895) 2022.

[29] P. H. Kuo, Y. R Tsen uan, H. T. Yau, “ Novel fractional-order convolutional neural network
based chatter diag approach in turning process with chaos error mapping”. Nonlinear Dynamics 111,
pp.7547-756492023.

[30] J. F. Lu, erical analysis of space-time fractional Benjamin-Bona-Mahony equation, Thermal
Science, 55-1762, 2023.

[31] Z. B. Li/JSH, He, Fractional complex transformation for fractional differential equation. Mathematical and

Applications, 15(5), pp.970-973, 2010.
[32] en, Numerical analysis of a fractal modification of Yao-Cheng oscillator, Results in Physics,
)2, 2022.

[33] H. He, S. K. Elagan, Z. B. Li, Geometrical explanation of the fractional complex transform and
dagivative chain rule for fractional calculus, Physics Letters A, 376 (4), pp.257-259, 2012.

[34] C7H. He, C. Liu, A modified frequency-amplitude formulation for fractal vibration systems, Fractals, 30(3),
2250046, 2022.

[35] C. H. He, T. S. Amer, D. Tian, A. F. Abolila, A. A. Galal, Controlling the kinematics of a spring-
pendulum system using an energy harvesting device, Journal of Low Frequency Noise, Vibration & Active
Control, 41(3), pp.1234-1257, 2022.

[36] C. H. He, C. Liu, J. H. He, K. A. GEPREEL, Low frequency property of a fractal vibration model for a
concrete beam, Fractals, 29(5), 2150117, 2021.

[37] H. J. Ma, Fractal variational principle for an optimal control problem, Journal of Low Frequency Noise,

Vibration & Active Control, 41(4), pp.1523-1531, 2022.



Journal of Computational Applied Mechanics 2022, 53(1): pp-pp 7

[38] J. H. He, Variational principles for some nonlinear partial differential equations with variable coefficients,
Chaos Solitons & Fractals, 19(4), 847-851, 2004.

[39] X. Y. Liu, Y. P. Liu, Z. W Wu, Variational principle for one-dimensional inviscid flow, Thermal Science,
26(3), pp.2465-2469, 2022.

[40] X. Q. Cao et al., Variational principles for two kinds of non-linear geophysical KdV equation with fractal
derivatives, Thermal Science, 26(3), pp.2505-2515, 2022.

[41] M. Z. Liu et al., Internal solitary waves in the ocean by semi-inverse variational principle, Thermal Science
26(3), pp.2517-2525, 2022.

[42] X. Y. Liu, Y. P. Liu, Z. W. Wu, Optimization of a fractal electrode-level charge transport model, Thermal
Science, 25(3), pp.2213-2220, 2021.

[43] W. W. Ling, P. X. Wu, Variational theory for a kind of non-linear model for water waves, The nce,
25(2), pp.1249-1254, 2021.
[44] Y. Shen, C. H. He, A. A. Alsolami, D. Tian, Nonlinear vibration with discontinuities id a I'Space: its

variational formulation and periodic property, Fractals, 31(7), 2350070, 2023.



