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Abstract 

The purpose of the current study is to investigate the therapeutic applications 

of Darcy-Forchheimer flow and mass transfer of hybrid nanofluid (HNF) 

over a stretching sheet by the influence of magnetic field and chemical 

reaction. The HNF is the conglomeration of two types of nanoparticles (NPs) 

namely copper (metal) and alumina (metallic oxide) with water as regular 

fluid. Copper NPs act as an anti-biotic, anti-microbial, and anti-fungal agent 

whereas alumina NPs has wide range of biomedical applications including 

cancer therapy, biosensing, and immunotherapy etc. Thus, the present model 

is useful because it may be used to a variety of fields, including biomedicine, 

microelectronics, biology, and industrial production processes. By 

introducing the similarity transformations, the governing partial differential 

equations (PDEs) are transformed into a set of non-linear ordinary 

differential equations (ODEs) and then solved numerically with MATLAB 

bvp4c code by varying numerous operating physical parameters. It is found 

that higher values of magnetic, Forchheimer and slip parameters decrease the 

velocity profiles. Slip parameter and chemical reaction parameter has 

opposite effect on concentration profile. Volume fractions of NPs and slip 

parameter have opposite effects on skin friction coefficient and Sherwood 

number. 

Keywords: Darcy- Forchheimer flow; hybrid nanofluid; stretching sheet; magnetic field; chemical 

reaction.   

1. Introduction 

Hybrid nanofluid offers a wide range of applications in engineering, including the cosmetics industry, the 

automotive industry, the home industry, the treatment of cancer, food packaging, pharmaceuticals, fabrics, paper 

plastics, paints, ceramics, food colourants, and soaps due to higher thermal properties as compared to nanofluid (NF) 

and conventional fluid. Nanotechnology used for advanced therapy and diagnostics has significant applications in 

medical sciences [1]. NPs adhere to tumor cells better than normal cells, and combining impact of radiation and 

hypothermia is related to heat created during the repair process as a result of radiation induced DNA damage [2]. 
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The primary goal of biomedical nanotechnology development is to efficiently monitor and regulate biological cell 

activity. Kleinstreuer et al. [3] developed biomicroelectronics mechanical systems to control the nano-drug delivery 

in a heated microchannel. Nowadays NFs as well as HNFs are used in cancer imaging and medication 

administration because of their unique characteristics of NPs. Iron-based NPs and magnetic NF are used for guiding 

tumors through magnet. As a consequence, cancer therapy can be improved and afflicted portions can be diagnosed 

without causing damage to healthy tissues. In comparison with other metal NPs, magnetic NPs are frequently 

utilized because they may be controlled by magnetic force. Yan and Liu [4]conducted simulation on phase change 

bio-heat transfer at cell levels to compare the temperatures of traditional cryosurgery with nanocryosurgery. 

Alghamdi et al. [5] investigate HNF MHD flow containing the medicine through blood vessels. Hassanpour et al. [6] 

studied the biomedical applications of aluminium oxide NPs. 

The problem of flow and heat transfer caused by a stretched surface is crucial in many industrial processes, 

including the cooling of metallic sheets, the growth of crystals in a cooling bath, the manufacture and drawing of 

plastic and rubber sheets, the production of glass-fiber and paper, and metal and polymer extrusion processes. A 

moving surface emerges from a slit during these processes, and as a result, a boundary layer flow appears in the 

direction of the movement of the surface. The rate cooling has a significant impact on the quality of the final 

product. An advanced NF known as a HNF is one that has two different NPs dispersed in the base fluid. While this 

is happening, one sort of nanoparticle, first introduced by Choi and Eastman [7], is present in the common NF. Due 

to its capacity to increase the heat transfer rate compared to normal NF, HNF heat transfer research has gained a lot  

Nomenclature 

 x, y  Cartesian coordinate system (m)  f      Dimensionless velocity 

 u, v Velocity components along x, ydirections  

respectively (m/s) 
Rex

  Local Reynolds number 

a      constant
 

Greek symbols 

B0
    Magnetic field strength

 
      Stream function 

 C     Concentration
 

        Slip parameter 

Cw    Concentration at the sheet         Dimensionless nanoparticle volume fraction  

 C
 Ambient concentration        Dimensionless concentration 

Fr    Forchheimer parameter
 

hnf  Kinetic velocity of hybrid nanofluid (m2/s) 

M    Magnetic parameter f       Kinetic velocity of base fluid (m2/s) 

Sc     Schmidt number 

hnf   Electrical conductivity of hybrid  

nanofluid ( )1 1m− −
 

Cb   Forchheimer coefficient nf    Electrical conductivity of nanofluid ( )1 1m− −  

  kc  chemical reaction coefficient hnf   Density of hybrid nanofluid (kg/m3) 

  kr  chemical reaction parameter nf     Density of nanofluid (kg/m3) 

 
BD    Brownian motion coefficient (m2/s) f       Density of base fluid (kg/m3) 

 fC    Local skin friction coefficient hnf   Viscosity of hybrid nanofluid (kg/m s) 

xSh   Local Sherwood number nf     Viscosity of nanofluid (kg/m s)
 

 

of attention in recent years. Due to this, HNF has been considered as the heat transfer fluid in the majority of heat 
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transfer applications, including coolant in machining, electronic cooling, and transformer cooling. In particular, 

HNF is well known as a fluid with a higher rate of heat transmission than standard traditional fluid. Devi and Devi 

[8] investigated the flow of a HNF over a stretched surface while taking magnetic Cu-Al2O3 NPs into account. In 

their research, they found that HNF increased the rate of heat transfer more than normal NF did. The Darcy-

Forchheimer flow caused by a curved stretching surface in the presence of homogeneous-heterogeneous reactions 

was quantitatively explored by Hayat et al. [9]. In a porous media, the Darcy-Forchheimer flow over a stretching 

sheet was studied by Vishnu Ganesh et al. [10] and Sahu et al. [11]. By taking into account higher-order chemical 

reactions and heat radiation in the presence of magnetic field, Biswas et al. [12] investigated the applicability of 

Maxwell NF flow across a stretching sheet. The effects of MWCNT and Fe3O4 NPs on an exponentially porous 

shrinking sheet with chemical reaction and slip boundary conditions were investigated by Swain et al. [13]. With a 

convective boundary condition, Waini et al. [14] investigated the flow of HNFs and heat transfer via a permeable 

stretching/shrinking surface. A HNF's stability analysis over a stretching sheet was investigated by Lund et al. [15]. 

Recently, Thumma et al. [16] considered that the movement of cupric oxide and silver NPs in the presence of the 

Coriolis force. MHD flow of a HNF across a moving plate with Joule heating was investigated by Khashi'ie et al. 

[17]. Various flow models have been used by numerous authors to study the flow behaviour of NFs and HNFs [18-

24]. 

The mechanical analysis of nanostructures are investigated by using the nonlocal continuum model [25-66].  

Copper has replaced silver NPs in many sectors due to lower material cost, enhanced physical as well as 

chemical stability and efficient mixing with polymers. Likewise, microbial mediated copper nanomaterials are 

gained special attention, aiming toward minimizing the overall side effects caused due to drug therapy, avoiding 

bioavailability, low-cost and easy to synthesize for large scale production. Due to physicochemical and structural 

characteristics, such as resistance to wear, chemicals, mechanical stresses, as well as their favourable optical 

properties and a porous vast surface area, aluminium oxide NPs have a variety of biomedical applications. Also, 

aluminium oxide NPs has extensive uses due to their low preparation costs and easy handling. Motivated by the 

above mentioned studies, the current study investigates the Darcy-Forchheimer flow and mass transfer of 

electromagnetic HNF over a stretched sheet considering the combination of the oxide particle alumina and the metal 

particle copper in the conventional fluid water. Using similarity transformation, the leading partial differential 

equations are converted into non-linear ordinary differential equations which are solved numerically with MATLAB 

bvp4c code. Graphs and tables depict the consequence of different characterizing factors on the flow model. 

2. Mathematical Formulation of the problem 

Consider a steady 2D boundary layer MHD hybrid nanofluid flow and mass transfer past a stretching sheet as 

shown in Fig. 1, where x and y are Cartesian coordinates with x− axis measured along the sheet and the y− axis 

normal to it. A constant magnetic field strength 0B  is applied in the direction of y-axis. The sheet is stretched with 

the velocity  ( )wu x ax= where 0a  is constant. The surface and ambient concentrations are 
wC and C

 

respectively. The magnetic Reynolds number is assumed to be small so that the induced magnetic field is neglected. 

Using the above assumptions, the governing equations for steady flow of HNF following Ahmad et al. [18] are:  

0
u u

x y

 
+ =

 
           (1) 

2
2 2

2

hnf b
hnf

hnf hnf

cu u u
u v B u u

x y y K




 

  
+ = − −

  
      (2) 

( )
2

2hnf c

C C C
u v D k C C

x y y


  
+ = − −

  
       (3) 

The prescribed boundary conditions are 

0 : ( ) , 0,

: 0,

w w

u
At y u u x ax N v C C

y

As y u C C

 
= = = + = = 

 
→ → → 

      (4) 

where u and v represent the velocity components of the HNF along the x− axes and y−  axes, respectively, 

C denotes the HNF concentration.  

Further, , ,hnf hnf 
 
and hnf  are the dynamic viscosity, electrical conductivity, and density of the HNF, 
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respectively. Following Gherasim et al. [67], Mintsa et al. [68], Table-1 provides the thermo physical properties of 

NF and HNF. In Table-1, 1 and 2  are the volume fractions of Cu and 2 3Al O NPs, respectively, where 

1 2 0 = =  represent the regular fluid, 
 
represents the dynamic viscosity,  is the density, and  is the 

electrical conductivity in which the subscripts , , , 1hnf nf f n and 2n  represent HNF, NF, fluid, and solid 

components for  2 3Al O   and Cu NPs, respectively. Table-2 provides the physical properties of water, 

Cu and 2 3Al O NPs [18] for a normal temperature of 2980K.  

 

 
Fig. 1 Flow configuration 

In order to convert the governing PDEs to non-linear ODEs, the following similarity variables are introduced. 

( ) ( ) ( ), , ,f w

f

a
u axf v a f C C C C y   


 

= = − = −  + =      (5) 

where   is the stream function defined by u
y


=


 and v
x


= −


 which satisfies Eq. (1).  

Using Eq. (5) into Eqs. (2) and  (3), we get the similarity equations as follows: 

( ) 2''' '' 1 ' 0
hnf f hnf f

hnf f hnf f

f ff Fr f Mf
   

   
+ − + − =       (6) 

( )( ) ( )1 21 1 0rSc f k   − −  +  −  =        (7) 

and the boundary conditions (4) become 

0 : (0) 0, '(0) 1 , (0) 1,

: '( ) 0, ( ) 0.

At f f f

As f

 

  

= = = +  = 


→ →  → 
                                  (8)  

where 

2

0f

f

B
M

a




= , magnetic parameter, 

bc x
Fr

K
= , Forchheimer parameter, 

f

a
N


= , slip parameter, 

c
r

k
k

a
= , chemical reaction parameter, and 

f

B

Sc
D


= , Schmidt number.  

The physical quantities of interest are the skin friction coefficient fC  and local Sherwood number 
xSh  are 
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defined as 
2

2
,

( )

w m
f x

hnf w hnf w

xj
C Sh

u D C C



 

= =
−

 respectively. 

Here w  and 
mj  

denote the shear stress and the heat flux near the surface, which are respectively given by 

0 0

,w hnf m hnf

y y

u C
j D

y y
 

= =

    
= = −   

    
. 

Finally, we get 
1 2 1 2Re ''(0),Re '(0)

hnf

x f x x

f

C f Sh




−= = −  

where  Re w
x

f

u x


=   is the local Reynolds number. 

TABLE 1 Thermophysical properties of NF and HNF [67, 68] 

Properties NF HNF 

Density ( )1 1 11nf f n    = − +  ( )2 2 21hnf nf n    = − +  

Dynamic 

viscosity 
114.8

(0.904)nf f e  =  214.8
(0.904)hnf nf e  =  

Electrical 

conductivity 

1
1

1 1
1

3 1

1

2 1

n

fnf

f n n

f f






  


 

 
−  

 = +
 

+ − −  
 

 

2
2

2 2
2

3 1

1

2 1

n

nfhnf

nf n n

nf nf






  


 

 
−  

 = +
 

+ − −  
 

 

 

TABLE 2 Thermo-physical properties of water and NPs [18] 

Properties 
3( / )kg m  ( / )s m  

water 997.1 65.5 10 −  

Cu  8933  75.96 10  

2 3Al O  3970  73.69 10  

 

TABLE 3 Comparison of ( )0f   for different values of  when
1 2 0M Fr  = = = =  

  
( )0f   

Sahoo and Do [69] Tulu and Ibrahim [70] Present study 

0.0 1.001154 1.000000 1.002411 

0.1 0.871447 0.872083 0.872083 

0.2 0.774933 0.776377 0.776377 

0.3 0.699738 0.701548 0.701548 

0.5 0.589195 0.591196 0.591195 

1.0 0.428450 0.430160 0.430158 

2.0 0.282893 0.283981 0.283966 

5.0 0.144430 0.144842 0.144798 

10.0 0.081091 0.081245 0.081423 

20.0 0.043748 0.043792 0.043774 
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TABLE 4 Computational values of ( )0f   and ( )0− for various values of 
1 2, , , , ,M Fr Sc   and 

rk  

1  
2  M  Fr    Sc  rk  ( )0f   ( )0−  

0 0 0.1 0.1 0.5 2 0.1 0.833867 0.943492 

0.01       0.935875 0.957584 

0.02       1.048011 0.972120 

 0.01      1.151639 0.990869 

 0.02      1.264704 1.009274 

  0.5     1.442836 0.977370 

  1.0     1.631788 0.944050 

   0.5    1.715914 0.933485 

   1.0    1.812829 0.921463 

    1.0   0.769535 0.739166 

    2.0   0.496390 0.653628 

    0   1.891098 0.993357 

    1.0 3  0.769535 0.937169 

     5  0.769535 1.255357 

      0.5 0.769535 1.918332 

      1 0.769535 2.510371 

      -0.5 0.769535 -0.836742 

      -1 0.769535 -1.291888 

 

3. Method of solution 

The current study investigates the two-dimensional (2D) Darcy-Forchheimer flow and mass transfer of HNF 

over a stretching sheet due to the inclusion of the magnetic field and chemical reaction. The magnetized fluid in 

association with the NPs composed with metallic NP Copper ( )Cu and metallic oxide NP alumina ( )2 3Al O  in the 

base fluid water perform their characteristic. The bench mark result for the comparative study with the earlier works 

of Sahoo and Do [69] and Tulu and Ibrahim [60] shows a good agreement to that of the current result of shear rate in 

the particular case and presented in Table 3. This validates the current results as well as confirms the convergence 

criteria of the methodology adopted. Further, throughout the computation, we fixed the values of the non-

dimensional parameters as 
1 20.5, 0.01rM Fr k  = = = = = = and 2Sc = except those the particular variation is 

deployed in the corresponding figure.  

Fig. 2 demonstrates the effect of magnetic parameter ( )M on the fluid velocity distribution. It is seen that 

velocity profiles decrease with higher values of magnetic field parameter leading to decline the velocity boundary 

layer thickness. Physically, the magnetic field produces a resistive force i.e. Lorentz force which opposes the motion 

and is responsible for reducing the fluid velocity. Further, it is observed that the velocity of HNF  

( )2 3 /Cu Al O water− is higher than that of NF  ( )Cu water− and base fluid (water). Fig. 3 shows that the 

velocity profiles decrease with moderate values of slip parameter. As a result, the momentum boundary layer 

thickens as more fluid is slid over the sheet. Fig. 4 shows that velocity decreases with higher values of Forchheimer 

parameter. This is due to the effect inertial force that drags the fluid backward and hence the motion of fluid 
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decreased; therefore, the velocity profile is declined. Moreover, the impacts of HNF ( )2 3 /Cu Al O water−  

dominate when compared with the NF ( )Cu water− . 

Fig. 5 has been drawn to exhibit the impact of slip parameter on concentration distribution. It is seen that 

concentration profiles increase with increasing values of slip parameter in all the cases. Further, lower level of 

concentration is observed in case of HNF than that of NF and base fluid. Fig. 6 shows the effect of chemical reaction 

parameter on concentration distribution. It is seen that the increase in chemical reaction parameter decreases the 

concentration profiles for all the cases. It may occur due to the fact that chemical reaction helps to enhance the mass 

transfer and reduces the solutal boundary layer thickness. Here 0rk  relates to constructive chemical reaction. 

Fig. 7 shows the effect of Schmidt number ( )Sc on concentration distribution. Since Sc is the ratio of momentum 

diffusivity and mass diffusivity, heavier species leads to reduce the concentration. Further, concentration for HNF, 

NF and base fluid are almost same in presence of chemical reaction but in absence, lower level of concentration is 

remarked for HNF.   

Table 4 reveals that higher volume fraction of NPs favourable to increase the skin friction coefficient 

( )( )0f  and Sherwood number ( )( )0−  but the opposite effect is observed in case of slip parameter.  The 

magnetic and Forchheimer parameters are responsible to decrease ( )0f  and increase ( )0− . Further, Schmidt 

number and chemical reaction parameter increase the mass transfer rate at the surface so that ( )0− increases. 

Flow chart 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Conclusions 

Numerical treatment is adopted for the Darcy-Forchheimer flow and mass transfer of hybrid nanofluid (HNF) 

over a stretching sheet by the influence of magnetic field and chemical reaction. The behaviour of the physical 

parameters is depicted through graphs and tables. Significant findings are summarized below: 

• The higher values of magnetic, Forchheimer and slip parameters decrease the velocity profiles. 
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• Concentration profile is an increasing function of slip parameter and chemical reaction parameter.  

• The presence of heavier species in the flow field (higher Sc) decreases the concentration in the boundary 

layer. 

• Schmidt number and chemical reaction parameter boost the rate of mass transfer. 

• Volume fractions of NPs and slip parameter have opposite effects on skin friction coefficient and 

Sherwood number. 

• Volume fraction of NPs accelerates the fluid velocity whereas decelerates the concentration profile 

irrespective of the case of NF and the HNF that overrides the fact of the pure fluid.  

• The presence of nanoparticles in the base fluid reduces the shearing stress at the plate surface so as to avoid 

back flow.  

 

 
Fig. 2 Velocity distribution for various values of M  
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Fig. 3 Velocity distribution for various values of   

 
Fig. 4 Velocity distribution for various values of Fr  
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Fig. 5 Concentration distribution for various values of    

 
Fig. 6 Concentration distribution for various values of 

rk  
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Fig. 7 Concentration distribution for various values of Sc   
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