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Abstract

In this study, dynamic analysis of functionally graded carbon nanotube reinforced composite
(FGCNT) beam resting on viscoelastic foundation is investigated. Four different types of carbon
nanotubes (CNTSs) distribution including uniform (UD-CNT), and three types of functionally
graded distribution of CNTs through the thickness of beam are considered. The Kelvin—Voigt
viscoelastic model and higher-order shear deformation beam theory (HOBT) have been used. The
rule of mixture is used to describe the effective material properties of the nanocomposite beams.
The equations of motion are derived by using Lagrange’s equations, and solved by using finite
element and Newmark methods. The effects of volume fraction and distribution of CNTSs, stiffness
and damping of viscoelastic foundation, slenderness ratio and different boundary conditions on
transverse displacement and stresses of beam are investigated. The results show that by using
viscoelastic foundation the amount of normal and shear stress have decreased considerably, and by
increasing the stiffness coefficient of foundation, transverse displacement of beam reduces and the
frequency of vibration increases as well, meanwhile by increasing the damping coefficient of
foundation, amplitude of vibration decreases considerably. The model is verified and compared
with previously published works and it shows good agreement.

Keywords: Type your keywords here, separated by semicolons;

1. Introduction

Analysis of dynamic behavior of structures is one of the applied topics in mechanical engineering that has
occupied many researchers and engineers. One of the important of structural components is beam, which are mainly
subjected to dynamic loads. The use of beams as the main components of structures in various fields, including
aerospace, marine, civil engineering, etc., has been become very common. Geometric and mechanical characteristics
of the beam, and its foundation are considered as some factors that have considerable effects on the dynamic
response of the beam. Therefore, the type of materials used in the design of the beams is also important. Extensive
research has been done on the static and dynamic behavior of composite and FGM beams. Shi and Elm [1]
investigated the dynamic behavior of composite beams based on the third-order theory by using the finite element
method. Sankar [2] proposed an analytical solution based on Euler-Bernoulli's theory for FGM beam under
transverse fluctuating load. Chen and Hong [3] studied the free vibrations of the Timoshenko beam resting on a
viscoelastic foundation under a moving oscillating load. They studied the effect of various parameters such as
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foundation stiffness, shear layer viscosity, load velocity and axial force on the dynamic response. Chakrabuty et al.
[4] proposed a new finite element method based on the first-order shear deformation beam theory and used it to
study the thermoelastic behavior of a FGM beam. Kargar Novin and Younesian [5] investigated the dynamic
response of Timoshenko beam resting on a viscoelastic foundation under the moving load by employing an infinite
mixed Fourier transform. Based on Euler-Bernoulli theory, Yang et al. [6] investigated the free vibrations of a
cracked FGM beam by considering different boundary conditions under moving loads. Kadoli et al. [7] studied the
static analysis of FGM beam based on the third-order shear deformation theory and the finite element method. Ying
et al. [8] presented a close form solution for the free and static vibrations of a FGM orthotropic beam based on the
theory of two-dimensional elasticity resting on elastic foundation. Klim [9] presented the dynamic response of FGM
beams based on Timoshenko's beam theory resting on viscoelastic foundation by applying the Darbin solution
method. Using the Euler-Bernoulli beam theory and the Newmark method, Sismak [10] studied the free and forced
vibrations of the FGM beam subjected to moving harmonic load. In another work [11], by considering the shear
deformation and nonlinear effects, He studied the FGM beam under the harmonic load and used the same method.
Khalili et al. [12] analyzed the forced vibrations of a FGM beam subjected to a moving mass based on Euler-
Bernoulli beam. The mixed of Ritz and DQM approaches were used to solve the governing equation of motion.
Mohebpour et al. [13] employed FEM procedure to investigate the dynamic analysis of composite beams by
considering the effects of rotational and shear inertia and using Newmark methods. Pradan and Chakrawardi [14]
employed Ritz method studied the free vibrations of FGM beams based on the theory of Timoshenko and Euler
Bernoulli. Abdolghani et al. [15] studied the dynamic response of Euler-Bernoulli beam resting on a nonlinear
viscoelastic foundation under moving load. They used the Galerkin and Rang Kota methods to solve differential
equations of motion.

In recent years, the use of low-weight and high-strength materials such as FGM and particularly
nanocomposites, has attracted engineers and designers’ minds [16-38]. One of these materials is functionally graded
carbon nanotube (FGCNT) [39-41]. The mechanical properties of carbon nanotubes, such as high modulus of
elasticity and low density, make it a good choice for reinforcing polymer composites [42-50]. Due to these materials
being widely applied in various practical applications and industries, it is very important to study the dynamic
response of nanocomposite beams. Voight and Adley [51] investigated the transient deflection and stress of
composite beams reinforced with CNT based on Eluer-Bernoli theory. They found that the stiffness of these beams
was significantly increased by applying a low volume fraction of nanotubes with a uniform distribution.
Vednitcherova and Zang [52] presented an analytical solution for bending and buckling of FGCNT reinforced
composite beams based on Eluer-Bernoli theory. Koh et al. [53] employed Ritz method to study the nonlinear
analysis of free vibrations of FGCNT Timoshenko beam with linear and nonlinear distribution of CNT in the
direction of thickness. Yas and Heshmati [54] investigated the dynamic analysis of FGCNT reinforced composite
beams under moving load based on Timoshenko and Euler—Bernoulli beam theories. In order to model the material
properties of composite beams reinforced with carbon nanotubes, the Mori Tanaka model was used. They
investigated the effect of nanotube orientation, material distribution, moving load velocity and different boundary
conditions on the vibration analysis of the beam. Shen and Yang [55] studied free vibrations, nonlinear bending, and
post-buckling of beams made of FGCNT reinforced composites resting on an elastic foundation based on higher
order shear deformation theory under thermal conditions. He and his colleagues [56] investigated the dynamic
stability of beams made of FGCNT reinforced composite beam. The governing equations were extracted based on
the first-order shear theory and converted to a linear equation system using the squares difference method. Then the
effect of various factors such as volume fraction of carbon nanotubes, length to thickness ratio and boundary
conditions on the dynamic stability of the beam was studied. Ansari et al. [57] studied the forced nonlinear
vibrations of FGCNT reinforced composite Timoshenko beam by applying GDQM. Lin and Young [58] analyzed
the free vibrations of FGCNT reinforced composite beams with various boundary conditions based on the first- and
third-order shear theory and the Ritz method. Chahadhari et al. [59] presented a nonlinear analytical solution for the
free vibrations of FG CNT reinforced composite beam with different boundary condition based on the high order of
shear theory resting on an elastic foundation in thermal environments.

A review of the studies shows that most of the researches have been done so far on FGCNT beams are focused
on static and free vibrations responses. But the transient vibrations of these beams have not been studied. Also, the
effect of viscoelastic foundation on the dynamic response of carbon Nano type-reinforced beams has not been
investigated among published investigations. This research investigates the dynamics response of FGCNT
reinforced composite beams resting on a viscoelastic foundation based on high-order (third-order) beam theory. The
finite element method in conjunction with Lagrange equation and Newmark method are applied to solve the
governing equations of FGCNT reinforced composite beam. The existing papers by applying simplification are used
for validation in the present work.
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2. Theoretical formulations

2.1 Description of the Geometry:

An FGCNT beam with thickness h, length L and depth b is considered in Fig 1.
% P(t)

Fig 1: Description of geometry and coordinate system of FGCNTRC beam

2.2 Material properties of CNTRC:

The carbon nanotubes are considered to have uniform or FG distributions in the beam thickness. UD-CNTRC
denotes the uniform distribution of CNTs and FGX, FGO and FGV-CNTRC show the FG patterns of CNTs through
the beam thickness (Fig. 2). The effective mechanical properties of beam, mixtures of isotropic polymeric matrix
and CNTs are evaluated by using the rule of mixtures as [60]:
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Fig 2: Different kinds of CNTs distribution
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where EEN EXN) GE¥ v 5Y are modulus of elasticity, shear modulus and Poisson’s ratio of carbon nanotubes,
respectively. Also, E™ G™ andv™ are the same properties of isotropic polymer matrix. 2™and 2" are the mass
density of matrix and CNTSs, respectively. Vryis the volume fraction of CNTs, and Vy, is the volume fraction of
polymer matrix (Voy + Vim=1). Vi for different distribution of CNTs are shown in Table 1. CNTs efficiency
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parameters ;.1 = 1,2,3 are given in Table 2 [61].

Table 1. Mathematical representation of CNT distributions

CNTs distribution Ven
UD CNT Vew
FG- X CNT . =l
‘1'1'CN |I__
1
FG-V CNT . izl
‘ov(1+2 T]
W k4
FG-0 CNT gvm(l_z?)
Table2. CNTs efficiency parameters for different values of ¥y
Efficiency parameter 1, =011 1y=0.14 I, =017
4 0.149 0.150 0.149
Mz 0.934 0.941 1.381
I 0.934 0.941 1.381

3. Governing equation
3.1. Displacement field and strain

The displacement field based on the third-order beam theory of Reddy [62-66] is given by:

uCe,z, 0 = up(, ) + 22,00, 1) — 4 [, 1) 4 2220 @3)

w(x,z,t) = wy(x,t) (4) where
u and w are the displacement components in the x and z directions, respectively. u; and wy are the mid-plane
displacements and &, is the bending rotation of x-axis. t denotes time and h is the total thickness of the beam. The
matrix form of the displacement field is as:

Ug
" _ =3 =3 Wy
=[] =]t 0 “t3E G| |om|=1zd )
0 1 0 0 dx
¢I
where
Ug
Wy
71 = |awo
dx
¢’I
: : (6)
_ 11 0 —-4— -4 —
(z.]= e Foig)
0 1 0 0

The strain—displacement relations can be described in a matrix form as:
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dug
dx
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o o a _4h: dx
dwy
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where [£] is expressed in the following equation:
2 o o0 0
dx
d
A=|2 0 0 3 l@=1dm ®)
0 — 0 0
dx=
0 0 1 1

So, [€] can be presented in the following matrix form:

[e] = [2] [d] [T]
)

The stress-strain relationship for an FGCNTRC beam is as follows:
[¢] = [D] [e] (10)
where [o], [€], [D] and its components are:

— T
[o] = [Fax O] )
[e] = [Exx Yzl g

_ [@u(=z) 0 2
1= %57 o) (42
Qu(z) = == (13)
@ss(z) = G(z)

(14)
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In this research, the beam is supported by viscoelastic foundation. The Kelvin-Voigt linear model is used for
modeling of the viscoelastic foundation. The relationship between force per unit area and deflection in this model
can be calculated according to the following equation [67]:
dw (x, )

at

Plx.t) = kyw(x. t) +e4
(15)

where k., is the elastic coefficient of the foundation in terms of (N/m?), and Cy is the damping coefficient of the
foundation in terms of (N.s/m?).

3.2. Finite element model of governing equations

The approximation of the displacement field in each element of the beam is as follows:

[T (x, )] = [N ()] [@ (8]
(16)

[Q"®'(t)] is nodal degrees of freedom of the beam element and [N(x)] is shape function matrix and its

components are shown in the appendix. [Q"®' ()] contains w;, w;, % and €. For u; and %, the linear approximation
A )

Pl the Hermitian element of the Euler-Bernoulli beam is used.

is used and for approximation of w; and

By replacing the equation (16) in (8):

[s] =[B][@"]
(17

In which [B]=[d] [N{x)] represents the derivative of the matrix of the shape functions in terms of x and is
explained in the appendix. The velocity components are obtained from the time derivative of the displacement field
as follows:

(0] = Nel [0 0)]

(18)
where [@'®' ()] is the velocity component of element nodes.
The equation of motion of is extracted by using the Lagrange equations as follows:
{n’ (ﬂ'!")} {BR} {BU} F
vl bl FE R Pt o ey £
dt\ @ 8 g
¢/) 7 (aq) "la 9

In the above equation, kinetic energy is a function of the dissipation of the Rayleigh and the total potential
energy and the total force on the beam.

The kinetic energy and the total potential energy are defined as follow:
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Total potential energy of system is as:

1 )
JI[ sTodV + ;J] kyw= dxdy

1 o hiz (gl T T T (gl
== b [D [ (0T (817 (21" (D] 2] (8] [9*] dx dz +

= (e

3 leer (s [

UIPI — ULIFI +U:|p| —

ra| =

(
I':ﬂ_l - 21)
> | 0T W7k, 1 [0 ax
o

[

[Q-FI]T(:;[' (71" k,, [N] ffx) [0*]
o

I | =

[B]7[D] [B] n’x) o'+

[Z] and [D] are defined as follow and N is presented in appendix:
[

51 = [, (21710112 4
: (22)

2= [ 12075 2]

Since the damping of the viscoelastic foundation is a function of the Rayleigh dissipation (R). So, the equation of
Rayleigh dissipation matrix for each element of the beam is:

1
R = - J] cg Wodxdy=
2
J_ I-:E_l T _ J_ T I-:ﬂ_l _
aflw1MMNWWMﬁwﬂ@JIW%W“MW1 @3)
= o = o
If pz (t) is the external force of the beam, the work performed is defined by equation (24):
0 0
Lgl 1 T 1 e17% : =17 |1
@ = 2] [P w s = 5 1] z,[D AT [P | ax (24)
0 0

Therefore, the mass matrix[M ®'], The stiffness matrix caused by strain [K,'®'], the stiffness matrix due to the
elastic properties of the foundation Ky, ®'], the damping matrix due to damping property of foundation [C"¢'] and
the external force matrix for each element of the beam {F'¢'} are as following:
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e

(M) = .!:J‘D [NIT[2] [N] dx

k.] = aj (517151 (8] dx
(i ]

[Kiﬂflpl] = bJ‘I LﬁﬂT I';‘-11' [*n"T-l dx
o

pe)

(] = aj (W17 cy [N] dx
o

red 0
{F""}=.!JJ‘ (N1 [Pz dx

. 0

0

After assembly of element matrices, the matrix form of the Lagrange equations is as:

][] + [c1][9] + [®][Q] = {F}

3. Numerical results

Finally, Newmark method [68-75] is used to solve the governing equation (35) in time domain.

(25)

(26)

(@7)

(28)

(29)

(30)

In this research, the dynamic analysis of carbon nanotube-reinforced composite resting on a viscoelastic

foundation using finite element methods is presented. In this way, four patterns are considered for the nanotube

distributions in the thickness direction. Distributed transverse dynamic force P = 2e6N /Mina period of 0.005

is applied to the beam, and then removed (See Fig 3). The results obtained by considering Poly Methyl

methacrylate as the base material of the beam.

The mechanical property of Poly Methyl methacrylate is considered as the following:

E,, =25Gpa,v,, =0.3, p, =1190kg/m?,

The mechanical property of CNT considered as:

M — 5646.6Gpa, ES' = 7080Gpa

o _1044.5Gpa VO =0.175 p,, =2100kh/m®
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3.1. Verification:
In this section, the results of this research are compared with the results of other articles for validation. Since

there is no reference for dynamic analysis of FGCNT composite beam on viscoelastic foundation, the results of the
present study are validated with the existing results for the free vibration analysis of FGCNT beams with
simplification in the present study. For this purpose, in Table 2, the results for the analysis of free vibrations of the
FGCNT beam using the third-order shear theory are compared with the results of Ref [58]. The boundary condition
of the problem is clamped beam. For comparing the present results with those of Ref [58], the natural frequency
must be dimensionless as the following:

i [ Pm

W =—
R \IEL'L

(1)

50 T T T T T T T T

a5 4
a0 J
35~ .
30(- .

2251 B
20(~ .
151 4

10 B

I I I I L | ! !
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
time(s)

Fig. 3 Time history of impulsive force subjected to beam

Table 2 Fundamental frequency of clamped FGCNT beam for
different types of CNTs distribution (L/h = 10, Went = 0.17) [58].

PRESENT [38]
Nanotube
distribution
18.4957 18.4950 FGV
19.9297 19.9291 FGX
19.2221 19.2214 FGU

The compression between present result and Ref [58] shows an excellent agreement.

3.2. Transient response of FGCNTRC beam:

In this section, the effect of various factors such as viscoelastic foundation coefficients, CNT pattern through
the thickness, volume weight fraction of CNT and geometric parameters on transient displacement and stresses are
investigated. The parameters of transverse displacement, normal and shear stress will be dimensionless as the
following:

W = (wy E™I)/(PLY) , I = bh®/12 (32)
Oyy = (Gyybh) f(PL) (33)
Oyz = (O bh)/(PL) (34)

The results are investigated for two different states, surrounded by a viscoelastic foundation (cd = 0.5e5, kw =
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1e9) and without foundation and simply supported boundary condition. As can be seen, Figs 4 and 5 shows the
effect of different CNT pattern on dimensionless transverse displacement of the mid-point of structure (S-S,
L/h=10, Vent "= 0.17) for with and without foundation. The maximum and minimum amplitude of vibration are
related to FG-O and FG-X, respectively. On the other hand, the structure reaches the maximum stiffness in FG-X

pattern while FG-O pattern provide lower stiffness.

x10°

I I
0 0.005 0.01 0.015
time(s)

Fig. 4 The effect of different distribution of CNTs on non-dimensional transverse displacement (S-S,
L/h=10, ¥ent'= 0,17, kw=0, cd=0)

8 . I b [ [ [
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
time(s)

[ [

Fig. 5 The effect of different distribution of CNTs on non-dimensional transverse displacement (S-S, L/h=10, Vent'=0.17, kw=1e9,
cd=0.5e5)

Figs 6 and 7 show the effect of various volume fractions of CNT on the dimensionless transverse
displacement of the mid-point of structure (FGV, S-S, L/h=10) for with and without foundation, respectively. By
increasing the volume fraction of CNT, the maximum transient deflection of mid-point of the structure considerably
decreases (see Fig 5). Also, the maximum amplitude of vibration of the beam decreases by increasing the weight
fraction of CNT (see Fig 6).
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Fig. 6 The effect of different volume fraction of CNTs on non-dimensional transverse displacement (FGV, S-S, L/h=10, kw=0, cd=0)
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Fig. 7 The effect of different volume fraction of CNTs on non-dimensional transverse displacement (FGV, S-S, L/h=10, kw=1e9, cd=0.5€5)

The effects of slenderness ratio on transverse displacement of midpoint of structure for with and without
foundation ((FGV, S-S, Vent "= 0.17) are depicted in Figs 8 and 9, respectively. It is obvious that by increasing the
slenderness ratio, the stiffness of structure decreases, consequently the deflection of FGNTRC beam increases.
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Fig. 8 The effect of slenderness ratio on transverse displacement

(FGV, S-S, ¥ent'= 0.17 kw=0, cd=0)
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Fig. 9 The effect of slenderness ratio on transverse displacement
(FGV, S-S, L/h=10, ¥ent'= 0.17, kw=1€9, cd=0.5€5)

Figs 10 and 11 indicate the influence of various CNT patterns on the dimensionless transverse normal and shear
stresses of the through the thickness mid-point of beam (FGV, S-S, L/h=10, kw=1e9, cd=0.5e5). The maximum and
minimum values of shear stress of beam are related to FG-UD and FG-O, while the maximum and minimum values
of normal stresses of the beam do not belong to a specific CNT pattern. For instance, the maximum tension stress is
related to FGV, while the maximum compression stress belongs to FGX. For the case that the beam is not supported
by viscoelastic foundation, the impact of various CNT distributions on the dimensionless transverse normal and
shear stresses of the through the thickness mid-point of the beam are depicted in Figs 12 and 13. It is mentioned that
the behavior of normal stress of beam without foundation is as same as when the structure has viscoelastic
foundation, while for beam with the viscoelastic foundation, the maximum and minimum shear stresses of the beam
are related to FGO and FGV patterns. The influences of volume fraction of CNT on the normal and shear stresses of
the mid-point of the structure for beam resting on viscoelastic foundation (unload time=0.005s, Vent "= 0.17, S-S,
L/h=10, kw=1e9, cd=0.5e5) and for beam is not supported on viscoelastic foundation (unload time=0.005s, Vent "=
0.17, S-S, L/h=10, kw=0, cd=0) are shown in Figs 14 to 17. For both cases, by increasing the volume fraction of
CNT, the normal and shear stresses of structure increase. However, by increasing the volume fraction of CNT,
normal stresses increase more than shear stresses. On the other hand, the effect of volume fraction of CNT is
considerable on normal stress than shear stress of the beam. The time history of normal and shear stresses of mid-
point of the structures for different volume fractions of CNT (FGV, S-S, L/h=10, kw=1e9, cd=0.5€e5) are reported in
Figs18 and 19, respectively. By increasing the volume fraction of CNT, the amplitude of stresses raises. The
influence of stiffness of foundation on transient deflection of midpoint of the beam is shown in Fig 20 (FGV, S-S,
L/h=10, Vent"=0.17, cd=0.5e5). By increasing the stiffness of foundation the transient deflection considerably
decreases. The effect of different damping coefficient of foundation on the non-dimensional transverse displacement
(FGV, S-S, L/h=10, Vent™=0.17) is depicted in Fig 21. As it can be seen from these figures, by increasing damping
of the foundation, amplitude of vibration decreases and vibration of beam can be seen in three situations such as
under-damped, critically-damped and over-damped.
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Nondimensional Normal Stress

Fig. 10 The effect of different distribution of CNTs on non-dimensional normal stress through the thickness of beam

Fig. 11 The effect of different distribution of CNTs on non-dimensional shear stress through the thickness of beam
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Nondimensional Shear Stress

Nondimensional Normal Stress
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12 The effect of different distribution of CNTs on non-dimensional normal stress through the thickness of beam

(unload time=0.005s, Fent ™= 0.17, S-S, L/h=10, kw=0, cd=0)
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Fig. 13 The effect of different distribution of CNTs on non-dimensional shear stress through the thickness of beam
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Fig. 14 The effect of different volume fraction of CNT on non-dimensional normal stress through the thickness of beam
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4, Conclusion

In this paper, dynamic response of FG-CNT reinforced composite beams resting on a viscoelastic foundation based
on higher-order shear deformation theory in conjunction with FEM and Lagrange approach is investigated. The
results show thatin FG-O pattern, the stiffness of the structure is less than the other patterns and this distribution has
the highest amount of displacement and amplitude of vibration. Also, by decreasing the volume weight fraction of
CNT, the amplitude of vibration increases. Also, by increasing the volume weight fraction of CNT, the values of
normal and shear stresses along the thickness increase. By applying viscoelastic foundation, the values of stresses
significantly decrease. The results show that in the presence of the foundation, the lowest shear stress is related to

the FG-O pattern and the highest shear stress is related to the FGX distribution. However, for the case of without
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foundation, the highest shear stress is related to the UD pattern and the lower shear stress is related to the FG-V
distribution. Finally, by increasing the elastic coefficient of the foundation, the amplitude of vibration of the beam
considerably decreases, and the frequency of the vibrations increases.
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