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Abstract 
In this study, the nonlinear free vibration of a nano-disk considering small scale effects has been 

investigated by using the nonlocal elasticity. To take into account the nonlinear geometric effects, the 

nonlinear model of von Karman strain has been used while the governing differential equation was 
extracted according to Hamilton principle. The Galerkin weighted residual method in conjunction with 

the variational iteration method (VIM) was introduced to solve the governing equations for simply 

supported and clamped edge boundary conditions. For further comparison, the nonlinear equation was 
solved using the fourth-order Runge-Kutta method. Very good agreements were observed between the 

results of both methods, while the former method made the solution much easier. Additionally, it was 

observed that the ratio of thickness to radius, h/R, plays an important role on the nonlinear frequencies. 

This effect appears to be minute if the local elasticity theory is adopted. However, results indicated that 
the nonlocal effect may be ignored provided h/R ratio is very small 
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Introduction 

Nano-structured elements have attracted the interest of scientific communities due to their 

superior properties. Conducting experiments with Nano-scale size specimens is found to be 

difficult and expensive. Therefore, the development of appropriate mathematical models for 

nanostructures is an important issue concerning their applications.  

Generally, three approaches have been developed to model nanostructures. These approaches 

are (a) atomistic mechanics [1, 2]), (b) hybrid atomistic–continuum mechanics [3-6], and (c) 

continuum mechanics. Both atomistic and hybrid atomistic–continuum mechanics are 

computationally expensive and are not suitable for analyzing large scale systems. Continuum 

mechanics approach is less computationally expensive than the former two approaches. It has 

been found that continuum mechanics results are in good agreement with atomistic and hybrid 

approaches. The experimental results show that the size effects play an important role in 
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mechanical properties[7, 8]; consequently, avoiding these effects may result wrong designs 

and unacceptable answers.  

Since size effect is not considered in classical continuum theories then, these theories are not 

appropriate for evaluation of structures on micro and nano-levels. In nano applications, the size 

effects that have been experimentally observed are not interpretable by classical continuum 

theories due to their lack of material length scale parameters. Accordingly, size-dependent 

continuum theories have been developed, such as the strain gradient theory[9, 10], the modified 

coupled stress theory[11, 12], the nonlocal strain gradient theory[13, 14], Doublet 

mechanic[15, 16] and the nonlocal elasticity theory[17, 18] have been suggested. For example, 

the nonlinear free vibrations of single-layer orthotropic nano-plates, in a variable temperature 

environment was studied by Shen et al. [19], taking into account the assumptions of the 

classical theory of sheets as well as the non-local elasticity theory. In a similar study, a new 

model for size-dependent geometric nonlinear vibrations of Timoshenko beam based on the 

strain gradient theory was presented by Ramezani[20]. Additionally, the nonlinear free 

vibration of isotropic single-layer nano-plates was analyzed by Jomehzadeh and Saidi [21], 

using the non-local elasticity theory.  Moreover, the nonlinear forced vibrations of the isotropic 

and classical nano-plates which were resting on simple supports were studied by He et al. [22], 

using the nonlocal elasticity theory. Nonlinear vibrational behavior of Kirchhoff micro-plate 

was studied in [23] based on the first-order gradient elasticity theory. In the study performed 

by Zhang et al.[24], the nonlinear vibrations of rectangular graphene nano-sheets were 

investigated. The theories of classical plates and nonlocal elasticity were used for modeling, 

while the numerical method of element free kp-Rits was applied to solve the nonlinear 

equations and extraction of the nonlinear frequencies. The nonlinear free and forced vibrational 

behavior of a porous functionally graded Euler-Bernoulli nano-beam subjected to mechanical 

and electrical loads was studied by Mohammadi et al. [25], using the nonlocal strain gradient 

elasticity theory.  Moreover, other researchers have provided useful articles on nano-mechanics 

[17, 26-45].   

One of the most important Nano-structured elements is nano-disks. These structures in size of 

microns and sub-microns are of practical concern in many NEMS devices like oscillators, 

clocks, and sensor devices as well as micro-gyroscopes[46-48]and micro-motors[49]. Also, 

micro-/nano-disks are employed in whispering-gallery-mode resonators [50] and photonics, 

due to their great potential to identify the pathogens [51]. On the other hand, one of the 

important photonic devices is a nano-scale refractive index sensor with a nano-disk resonator 

which is widely used in biosensors [52]. Additionally, scientists have attempted to control the 

biological activity of nano-particles, and for this reason, many researchers have carried out 

studies in the field of safer imaging agents for biomedical applications[53]. In this regard, they 

have focused on nano-disks and nano-spheres to achieve this goal[53]. Moreover, Micro-/nano-

disks are commonly used in resistive switching phenomena [54], study of cell structures[55], 

solar cells[56, 57], nano-disk array electrodes [58-60], lasers [61-65], and sensors[66]. 

In spite of the vast literature on the free transverse vibration of nano-beams, nano-plates, and 

nano-shells, few works have been dedicated to the nonlocal elasticity study of nano-disks. The 

large amplitude free vibration of size-dependent circular micro-plates was studied by Wang et 

al. [67] using the modified couple stress theory. Mohammadi et al. [68] studied free transverse 

vibrational behavior of circular and annular graphene sheets (with various boundary 

conditions) using the nonlocal continuum plate model. Hosseini et al. [69] studied the stress 

distribution in a rotating nano-disk made of functionally graded material with nonlinearly 

varying thickness, based on the strain gradient theory. Based on strain gradient theory, 

Shishehsaz et al. [41] studied the thermoelastic behavior of a functionally graded nano-disk 

and compared their results with those of classical theory. They showed that the increase in 
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temperature at the outside radius of the nano-disk, as well as any rise in material inhomogeneity 

parameter has a direct effect on the total stresses and radial displacements. In another study, 

Shishehsaz et al. [70] performed a nonlinear vibration analysis on a nano-disk, based on the 

nonlocal elasticity theory, in conjunction with the homotopy perturbation method. Hosseini et 

al. [71] analyzed stress distribution in a functionally graded nano-disk with variable thickness, 

based on strain gradient theory. The nano-disk in question was subjected to the thermal and 

mechanical loads while it was rotating with a constant angular velocity. They analyzed the 

effects of angular velocity, thickness profile, material inhomogeneity parameter, external loads 

and the temperature on the total stresses and radial displacements. Shishehsaz et al. [72] 

studied the effect of nonlocal parameter on the linear vibration of nano-disks based on the 

nonlocal elasticity theory using Adomian decomposition method. They imposed clamped and 

simply supported conditions on their model. Using this method, the first five axisymmetric 

natural frequencies and displacements of the Nano-circular plate were obtained one at a time, 

with enough numerical results to illustrate the influence of nonlocal parameters on the natural 

frequencies and displacements of the nano-circular plate. Shariati et al. [73] calibrated of 

small-scale parameters of non-classical continuum theories such as nonlocal strain 

gradient theory, strain gradient theory, stress-driven nonlocal elasticity, and strain-driven 

nonlocal elasticity. In another study, Shishehsaz et al.[74] investigated the vibrational behavior 

of a functionally graded annular nano-plate based on stress-driven model. According to their 

results, the material inhomogeneity index, as well as the geometry of annular plate and scale 

parameters have significant effects on the vibrational behavior.  

Considering the subjects covered in the literature survey (and others), the main objective of 

this research is to investigate the axisymmetric nonlinear free vibration of a nano-disk, as well 

as the applicability of the powerful and efficient semi-analytical technique, namely the 

variational iteration method (VIM), in solving such problems. This method has shown to be 

effective, powerful, and very accurate, with a high rate of convergence in related calculations 

for solving the strongly nonlinear problems arising in other fields of micro-mechanics. The 

analysis will focus on the effect of nonlocal parameter, aspect ratio, different boundary 

conditions, and frequency number on the overall behavior of the nano-disk. For this purpose, 

Eringen's nonlocal elasticity theory along with Hamilton's principle will be used in conjunction 

with Galerkin weighted residual method to discretize the governing equation. On application 

of Galerkin method, the system of nonlinear differential equations (Duffing’s Equation) is 

obtained and hence, the natural nonlinear frequencies and mode shapes will be obtained using 

VIM. The deduced results will be compared with the numerical results of the fourth-order 

Runge–Kutta method. 

 

Nonlocal constitutive relations  

According to the nonlocal elasticity theory (Eringen’s model), the stress field at point x in an 

elastic continuum depends not only on the strain field at that point but also on strains at all 

other points in the body[75]. Eringen also attributed this fact to the atomic theory of lattice 

dynamics and experimental observations on phonon dispersion [75]. Thus, the nonlocal stress 

tensor Nl at point x is expressed as: 

     Nl L

V
x K x x ,  x  dx       (1) 

https://www.sciencedirect.com/topics/engineering/strain-gradient
https://www.sciencedirect.com/topics/engineering/strain-gradient
https://www.sciencedirect.com/topics/engineering/strain-gradient
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where 𝜎𝐿(𝑥′) is the macroscopic stress tensor at point x, the kernel function 𝐾(|𝑥′ − 𝑥|, 𝜏)  

represents the nonlocal modulus, |𝑥′ − 𝑥| is considered as the distance in Euclidean norm, and 

τ is a material constant that depends on the internal and external characteristic lengths (the 

lattice spacing and wavelength, respectively). Based on Hook’s law, the macroscopic stress t 

at point x in a solid is related to the strain 𝜀 at that point as: 

     t x C x : x  (2) 

where 𝐶 is the fourth-order elasticity tensor and: indicates the double-dot product.  

The constitutive Eq. (1) and (2), define the nonlocal constitutive behavior of a solid based on 

Hook’s law. Equation (1) represents the weighted average of the strain field contributions from 

all other points in the body to the stress field at a point in question. However, the integral 

constitutive relation in Eq. (1) makes the elasticity problems difficult to solve. It has been 

shown that it is possible to present the integral constitutive relations in an equivalent 

differential form as [75]: 

  2 2
0

Nl L
1 e a      

(3) 

where e0 and a are the material constant and the internal characteristic lengths, respectively. 

Moreover, the Laplace operator 2 in the polar coordinates is defined as[76]: 

2 2
2

2 2 2

1 1

r rr r 

  
   

 
 

(4) 

Problem formulation 

Figure 1 shows a linearly elastic homogeneous isotropic nano-plate with a circular cross-

section of R and thickness h. To derive the governing equations, a cylindrical coordinate system 

(r, 𝜃, z) is attached to the plate where its surface lies in r-𝜃plane. According to Kirchhoff’s 

kinematics of thin plates, the displacement components of the plate, namely ur, u𝜃, and uz are 

expressed by Eq. (5) [77, 78]: 

           

   

   r

z

w z w
u r, ,z,t u r, ,t z r, ,t u r, ,z,t v r, ,t r, ,t

r r r

u r, ,z,t w r, ,t

, ,

.

     

 

 
   

 



 (5) 

where u, v, and w are the radial, tangential, and transverse displacements of the plate middle 

surface, respectively. 

 

Figure 1. Main features of the plate geometry, (a) nano-disk, (b) top view, and (c) side view. 

Now, the von Kármán nonlinear strain-displacement relationships are written as [77, 78]: 
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   
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   
   
   

 
 
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              (6) 

These equations are written based on the local shear stress-strain constitutive relation. 

Substituting the displacement fields, Eq. (5), into Eq. (6) gives: 

2 2

2

2 2

2 2

2

1

2

1 1 1

2

1 1 2 1

rr

r

u w w
z

r r r

u v w z w w

r r r r rr

u v v w w w w
z

r r r r r r r r

,

,

.








  


   

  
  
  

   
    

   

     
     

      

 
 
 

  
       

 
  
 

 
(7) 

Using Hamilton’s principle, the equations of motion can be obtained as [77, 78]: 

   

 

2 2

0 02 2

2 22

2 2

1 1
0,           0,

1 1 1 1
2

                 

r
rr r r

r r
rr rr
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rN N I rN N I

r r r r rt t

M M M M w w
rM rN N

r r r r r r r r rr

 
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   




  

    
       

    

       
     

        

   
   
   

     
    

     

2 2 2

0 22 2 2 2

1 1
                                                               0.

w w w
I I r

r r rt t r 

    
   
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  
     

 (8) 

In the above equations, I0  is the mass moment of inertia and I2 is the rotary inertia of the nano-

disk. These two parameters are defined as: 

   
2

2 3
0 2

2

1
1   , 

12

h/

h/

I ,I ,z dz h h  





 
 
 
 

  (9) 

In Eq. (9) ρ and h are the density and thickness of the nano-plate respectively.  

On using Eq. (3), based on the nonlocal elasticity, the plane stress constitutive relations for the 

plate are: 

         

  

2 22 2
0 02 2

2 2
0

1 1
1 1

1 2

   rr rr rr

r r

E E
e a e a

e a G

, ,

.

  

 

     
 

 

       
 

  

 (10) 

where υ is Poisson’s ratio [79].  

Moreover, to obtain the governing equations, the following stress resultants are used in 

formulations yet to come. 
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

              (11) 

For a homogeneous isotropic nano-plate, based on the strain displacement relation, Eq. (7), as 

well as the stress resultants defined in Eq. (11), the stress-strain relations, Eq. (10), are recast 

as: 

  

  

    
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 

  
     

 

 
     

  

   
      

   
   

   

 
  
 

 (11) 

where 𝐷 = 𝐸ℎ3/12(1 − 𝜈2) represents the flexural rigidity[79]. 

When the in-plane natural frequencies are large compared with the transverse natural 

frequencies, then the in-plane inertia term can be neglected and first and second equations of 

Eq. (8) are recast as [80]: 

   0,  0.r
rr r r

N N
rN N rN N

r r r
 

  


  
     

   
 (13) 

Now, the stress function F (sometimes referred as the stress Airy function) is defined as: 

2 2

2 2 2

2

2

1 1
,      

1 1

rr

r

F F F
N N

r r r r

F F
N

r rr

,

.







 

  
  

  

 
 

  

 (14) 

such that it satisfies Eq.(13)[80]. 

In axisymmetric loading, since 𝜕/𝜕𝜃 = 0, then thied equation of Eq.(8) is rewritten in the 

following form: 

 
2 2 2

0 22 2 2

1 1 1
0rr rr

M w w w
rM rN I I r

r r r r r r r rr t t

      
    

      

       
      

      
 (15) 

Substituting the axisymmetric form of Eq. (12) into Eq. (15), then the equation of motion is 

obtained as: 
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  
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1
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       
       

      

    
          

 (16) 

Here, the operator 4 , defined in polar coordinates, is equal to [76]: 

4 3 2 4 3 2 4
4

4 3 2 2 3 2 2 2 3 2 4 2 4 4

2 1 1 2 2 4 1

r rr r r r r r r r r r r   

       
        

        
 (17) 

In the axisymmetric case, the differential operator 2 and 4 are given by: 

2 4 3 2
2 4

2 4 3 2 2 3

1 2 1 1
      , .

r r r rr r r r r r

     
       

    
 (18) 

Using Eq. (10) and (11), the governing relations between stress resultants and strain 

components can be written as: 

         2 22 2
0 02 2

1 1
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    rr rr rr
Eh Eh
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 

 (19) 

For the case of axisymmetric loading, Eq. (14), (7) are reduced to: 
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,          ,     

2
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 (20) 

Similarly, Eq. (19) are: 
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 (21) 

Eliminating u from Eq. (21a) and (21b), the compatibility equation is obtained as: 

  
23 2

2 2
0 3 2

1 1
1 0

2

F F F w
e a r Eh

r r rr r

   
     

  

    
   

   

 (22) 

Equation (22) can be recast as follows: 

  
2

2 2 4
0 2

1 0
Eh w w

e a F
r rr

 
    



 
  
 

 (23) 

Finally, the equation of motion and compatibility equation for the nano-disk are:  
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  

  

24 2
0

2
2 2 4

0 2

2 2
2

0 2 2
1 0,

1 0

1
D w e a

Eh w w
e a F .

r rr

I F w
I w r w

r r r r r r rt t
    

 
    



          
               

 
  
 

 (24) 

These equations are the governing differential equations for large deflections of a nano-disk, 

based on an axisymmetric loading condition. Determination of the transverse displacement 

w(r,t) and the stress function F(r,t) requires the solution of these equations, which must, of 

course, satisfy the boundary conditions. The boundary conditions for simply supported and 

clamped edge constraints at r = Rare as follows respectively [81]: 

2

2

(a): 0,                   0,   0

(b): 0,    0,    0

rr
F

w M
r

F F w
w

r r rr




  



  
   

 

 (25) 

Denoting the non-dimensional variables by asterisks (except for  ), They can be written as: 

2 5
2 0

2
   ,     ,       ,   ,   

e ah h Eh
r Rr t R t w w F F .

D R RR


         (26) 

Substituting Eq. (26) into Eqs. (24), while using Eq. (8), the non-dimensional governing 

equations  

 

 

4 2 2
2 2 2

2 2 2

2 2

2

1

0

1

12

12 1 1
                                                           

* * * *
* * *

* *

* * * *

w
h

w r w
t R r r r t

h w F

R r r r r





   



     
         

     
       

  

(27) 

 
2

2 2 4

2

1
1 0

* *
*

* *

w w
F

r r r




 
    

 

 
  
 

 (28) 

and the boundary conditions for simply supported and clamped edge constraints at 𝑟∗ = 1 are 

as follows respectively: 

2

2

(a): 0,   0,   0,

(b): 0,   0,   0

* *

*
*

r r*

* * *
*

* * * *

F
w M

r

F F w
w .

r r r r




  



  
   

  

 (29) 
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Solution procedure                  

Galerkin weighted residual Method 

Equations (27) and (28) are the consistent basic relations for the nano-disk model. These 

equations that are derived based on the nonlocal elasticity theory represent the strong forms of 

the governing equations and are reduced into the equations of a circular plate provided µ=0. 

Owing to the fact that finding the exact solution from these equations is commonly difficult, 

then a weak form of these equations is usually generated for any further process. Here, the 

Galerkin weighted residual method, as a general mathematical tool, is used to create the weak 

forms of the foregoing equations. According to this approach, the nonlinear free vibration 

response of the nano-disk can be obtained by introducing the following admissible functions 

for F*and the non-dimensional transverse deflection w*. 

             
1 1

     
m m

i i i i
i i

w r ,t r q t , F r ,t r q t f r .           

 

     (30) 

In Eq. (30), m is the number of half-waves in r direction,  i r  are the known basic functions 

that must satisfy the boundary conditions of the nano-disk,  iq t ,

and  iq t are the time variant-

coefficient of the mode shape functions, and f(r*) is the homogeneous solution to Eq. (27) 

which is equal to; 

  2
1 2 3

1

2
f r A r A lnr A

  
    (31) 

The integral constants A1, A2, and A3 should be determined by the use of boundary conditions. 

If the transverse deflection at the center of the plate is not to be infinitely large, then A2 must 

be equal to zero; and hence, based on the boundary conditions given as Eq. (29), the value of 

A3 becomes unimportant. As a result, Eq. (30) become: 

           
1 1

     
m m

i i i i

i i

w r ,t r q t r ,t r q t, F . 
       

 


    (32) 

where 𝜓i(r
*) for simply supported and clamped edge are defined such as: 

         
 

    
2

2
1 1

2 1

1
1     

2
i i i ii i i

r
r rr r r , .   


  


   

    


  (33) 

On using Eq. (32) in conjunction with the Galerkin method, Eq. (28) can be rewritten in the 

following form: 

       

 
 

 
   

1

0

2 2 4

1

2

2
1 1

0      

1

1
       1

i

m

j j
j

m mj k

j k
j k

r

r

r q t

d r d r
q t q t d

r dr dr
i ,...,m

  

 

  



 

  

  
 



  







   
       
    

 

 

 (34) 
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The solution to Eq. (34) can be expressed as;  

       
1 1 1

     1
m m m

ij j ijk j k
j j k

q t q t q t i ,...,m   

  

    (35) 

where, 

      
   21 1

2 2 4

2
0 0

1
1      

j k

ij i j ijk i *

d r d r
r r dr r dr

r dr dr
, .

 
     

 

    

 
     

  
  
  
  

   (36) 

Solving Eq. (35) for the time variant-coefficient of the mode shape functions  iq t , one can 

write; 

       
1 1

     1
m m

i ijk j k
j k

q t q t q t i ,...,m  

 

   (37) 

Substituting Eq. (37) back into Eq. (32) and applying the Galerkin method to Eq. (27) while 

using Eq. (33), Eq. (32) can be obtained in the following form: 
 

           
1 1 1 1 1 1

2

2
  0  , 1

m m m m m m

ij j ij j ijkrs k r s
j j j k r s

M q t K q t H q t q t q t i ,...,m
d

dt

    

     

       (38) 

in which, 

        

   

    
   

1
2 2

0

1
4

0

12
2 2 2

2
0

2

2
1

  

12 1 1

1

12

1
 

ij i

ij i j

ijkrs jkr i

j j

j s

M r dr

K r r dr ,

h
H r

R

h d d
r r r ,

R r dr dr

d r d rd
dr

r dr dr dr

 

 

   

 

 

 

  



  
  

 


   

  

 

    

   
   

   

  
    

  
  







 
             (39) 

For linear vibration of the nano-disk, the nonlinear term in Eq. (38) can be neglected. The 

corresponding linear frequencies are then given by the eigenvalues of the matrix product           

M-1K, where M and K are the mass and stiffness matrices of the linear system that are defined 

as; 

        ,     ij ijM K . Μ K               (40) 

Equation (38) (Duffing equation), has received numerous attentions in recent decades due to a 

variety of engineering applications. Surveying the literature shows that a variety of solution 

methods have been developed so far to solve this equation. 
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The Variational Iteration Method 

Variational iteration method (VIM), which is currently used by many researchers, is able to 

solve a large class of nonlinear ordinary differential equations. The flexibility and adaptability 

provided by this method make it easily applicable to different classes of problems in applied 

and engineering sciences [82-85]. VIM has been favorably applied to various kinds of 

nonlinear problems; for example, fractional differential equations[86, 87], nonlinear 

differential equations[88], nonlinear thermo-elasticity[89], and nonlinear wave equations[90, 

91]. To illustrate the method, consider the following general functional equation. 

     Lq r N r g r                (41) 

Where L is a linear operator, N is a non-linear operator and g(r) is a known analytical function. 

According to the VIM, the following correction functional can be constructed such that [82-

85]: 

           1

0

 ,   0   

r

n n n nq r q r Lq Nq g d n                         (42) 

Here, the subscript n denotes the nth approximation, λ is a general Lagrange multiplier and the 

second term on the right side of Eq. (42) is called the correction term [92]. Moreover, nq  is 

considered as the restricted variation and 0nq  [93, 94]. The Lagrange multiplier  can be 

identified optimally via the variational theory[94]. The successive approximations qn+1(r) of 

the solution q(r) will be readily obtained upon using the obtained Lagrange multiplier and by 

using any selective function q0(r). Consequently, the exact solution can be obtained via Eq. 

(43). 

   n
n

q r lim q r


               (43) 

when  nq r has a limit as n [94]. 

To solve Eq. (38) by means of VIM, the arbitrary initial approximation is chosen as: 

     0 0           1
* *

i, i, Nl,iq t q cos t i ,...,m                (44) 

Where 
Nl,i  is the ith nonlinear dimensionless frequency of the nano-disk and m is the number 

of half-waves in r direction. From Eq. (38), we have: 

 

   

2

02
1 1

3
0 0 0

1 1 1

        0 ,  1

m m
*

ij j ij j, Nl, j
j j

m m m
*

ijrs j, r, s, Nl, j
j r s

d
M q K q cos t

dt

H q q q cos t i ,...,m





 

  

 

  

 



              (45) 

Equation (45) can is recast as follows: 
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 

 

   

2

02
1 1

m

0 0 0
1 1 1

0 0 0
1 1 1

3
            

4

1
                    3    1

4

m m
*

ij j ij j, Nl, j
j j

m m
*

ijsk j, r, s, Nl, j
j r s

m m m
*

ijsk j, r, s, Nl, j
j r s

d
M q K q cos t

dt

H q q q cos t

H q q q cos t , i ,...,m







 

  

  

 



 

 





 (46) 

Integrating Eq. (46) twice with respect to t*, yields: 

 

 

 

02
1 1

0 0 02
1 1 1

0 0 02
1 1 1

1

3 1
                      

4

1 1
                            3  

36
,  

m m
*

ij j ij j , Nl , j

j jNl , j

m m m
*

ijsk j , r , s, Nl , j

j r sNl , j

m m m
*

ijsk j , r , s, Nl , j

j r sNl , j

M q K q cos t

H q q q cos t

H q q q cos t










 

  

  







 



  1i ,...,m

 (47) 

Neglecting the coefficients of  3 *
Nl, jcos t in the Eq. (47), the following nonlinear system is 

obtained: 

 

   

02
1 1

0 0 02
1 1 1

1

3 1
                    1

4

Nl ,j

m m
*

ij j ij j, Nl, j
j j

m m m
*

ijsk j, r, s, Nl, j
j r sNl, j

M q K q cos t

H q q q cos t i ,..,m







 

  



 

 



 (48) 

Equation(48) can be easily solved by using a simple mathematical algorithm such as Newton-

Raphson technique[95]where the results can be displayed as: 

       0           1
*

i Nl, j ij ij ijsk , j Nl,iq t f ,M ,K ,H ,q cos t i, j ,...,m 
   (49) 

Equating the coefficients of  *
Nl, jcos t  in Eq. (44) and (49), gives the following result: 

   0 0       1i, i Nl, j ij ij ijsk , jq f ,M ,K ,H ,q i, j ,...,m   (50) 

Consequently, the nonlinear frequencies Nl,i  can be obtained from the Eq. (50). 

According to Eq. (41) and (42), the correction functional of Eq. (38) can be constructed as 

follows: 
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         

   

2

1 2
0

2

2
1 1

                                                           

                                                   

*
t

* *
i,n i,n i ii j ,n ii j,n

n n

ij j,n ij j,n
j j
j i j i

d
q t q t M q

dt
K q

d
M q K q

dt

   

 



 
 

 





 



 

     

   

1 1 1

        

                                                                        1 0

n n n

ijrs j,n r,n s,n
j r s

H q q q d

i ,...,m , n

   

  



 







 (51) 

Now taking the variation of Eq. (51) with respect to the independent variable 𝑞𝑛 and observing 

the fact that i,nq
 
is a restricted variation ( 0nNq  ) and  0 0iq ,  then the result can be 

written in the following form: 

            1

0

0  1

*t
* *

i,n i,n i ii j,n ii j,nq t q t M q K q d , i ,...,m               (52) 

Obviously, the stationary conditions of Eq. (52) can be obtained as follows: 

 1 0    0    0       1ii
t t

ii

K
, , , i ,...,m .

M 
   

 
        (53) 

Therefore, the i multiplier can be identified as: 

   1           ii ii ii
i

ii ii ii

M K G
sin t i ,...,m

K G M
 


  


 (54) 

As a result, the iteration formula is obtained as follows: 

     

     

       

1

0

2 2

2 2
1

1 1 1 1

               

                     +  

*t
* * ii ii ii

i,n i,n
ii ii ii

n

ii j,n ii j,n ij j,n
j
j i

n n n n

ij j,n ijrs j,n r,n s,n
j j r s
j i

M K G
q t q t sin t

K G M

d d
M q K q M q

dt dt

K q H q q q d



  

    






   














  



  







 

 

 

                                                            1i ,...,m

 (55) 

According to the iteration formula (Eq. (55)), the time-dependent coefficients qi(t
*) of the 

mode shape functions can be directly obtained. Then, on using Eq. (56), one can obtain the 

exact solution when qi,n(t
*)has a limit as n[94]. 
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   * *
i i,n

n
q t lim q t


  (56) 

Based on the results in [96], the operator  1 2i mA q ,q ,...q is defined as: 

   

     

         

1 2

0

2 2

2 2
1

1 1 1 1

            

                +  1

*t
ii ii ii

i m
ii ii ii

n

ii j ii j ij j
j
j i

n n n n
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While the components    *

, , 1,2,... ,i nd t n  are defined such that: 

             
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.

   

   

              (58) 

Consequently, one can obtain the exact solution using the following formula: 

     
0

* * *
i i,n i,n

n n

q t lim q t d t


 

                (59) 

Eq. (59) converges to the exact solution, when: 

   0 1     1 2 , 0 1 2i, j    ,  i , ,...,m j , , ,...                  (60) 

where, 
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              (61) 

 

Verification 

To verify the versatility of the presented solution method and its accuracy, using the proposed 

method, the solution of large amplitude free vibrations of size-dependent circular graphene 

sheets with various boundary conditions are obtained. The corresponding results are compared 

with those obtained in Ref[68]. To extract these results, the following material properties were 
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used: E = 1.06 Tpa, v = 0.3, ρ = 2300 Kg/m3, h = 0.34 nm, and R=10nm.Since the linear 

problem of free axisymmetric flexural vibration of a circular plate, with simply supported and 

clamped edge boundary condition, has an exact analytical solution, the selected basic functions 

φi(r)were taken as the linear free oscillation mode shapes of the circular plates with the 

boundary conditions given in [97] such that: 

   
 
 

 0
0 0

0

i
i i i

i

I
r I r J r

J


  


                (61) 

In this equation, J0 and I0 are the Bessel and the modified Bessel functions of the first kind with 

zero order, respectively. The positive real values of λi for the simply supported and clamped 

edge boundary conditions are given in Table1. Also, the distribution of normalized functions 

φi(r
*) for these two boundary conditions are shown in Fig.2. 

 

Table 1. The positive real value of λi for simply supported and clamped edge boundary conditions. 

Boundary condition λ1 λ2 λ3 

Simply supported 2.2215 5.4516 8.6114 

clamped 3.1962 6.3064 9.4395 

 

 
 

 

Figure 2. Distribution of functions φi(r
*) versus r* based on; (a) simply supported, and (b) clamped 

boundary conditions. 

Additionally, the first two dimensionless frequencies with two different boundary conditions 

are presented in Table 2, for various nonlocal parameterse0a. Similar results from Ref.[68]are 

also presented in this Table, for the purpose of comparison. Excellent agreements are observed 

between the results of both methods. In addition, from the results in Table 2, it is observed that 

for a given value of 2
L,i R h / D  , the dimensionless frequencies are increasing 

monotonically with respect to a decrease in nonlocal parameter e0a. This behavior is observed 

for both types of boundary conditions. This comparative study shows that the present approach 

can yield reliable results for the nonlinear vibration of a nano-plate which is formulated based 

on the Eringen’s model.  To further verify the accuracy of the VIM, the relationship between 

the initial condition (w*(0,0) =w (0,0) R/h2) and the ratio of the first dimensionless nonlinear 
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frequency is presented in Tables 3-5, for the first three dimensionless linear frequencies 

(ΩNl,i/ΩL,i, i=1,2,3). These values are based on the various dimensionless nonlocal parameter 

µ, for the two types of boundary conditions used in this analysis (namely, simply supported 

and clamped edge constraints). For further comparison, the obtained results are compared with 

those from Ref. [70]. This reference studies the large amplitude nonlinear free vibrations of a 

size-dependent nano-disk based on the nonlocal elasticity theory. In this reference, the 

governing equations were solved using the homotopy perturbation method. As shown, 

excellent agreements are observed between the results of both methods, for both types of 

boundary conditions.  

Table 2. Comparison of dimensionless frequency for two different boundary conditions and nonlocal 

parameter (
2

1 1 10L,L, R h / D . , R nm    ). 

Boundary conditions e0a(nm) 
ΩL,1 ΩL,2 

Ref [68] Present work Ref [68] Present work 

Simply supported 

0 4.9345 4.9350 29.7198 29.7199 
0.5 4.8997 4.8996 28.6485 28.6487 
1 4.7979 4.7979 26.0189 26.0188 

1.5 4.6409 4.6415 22.8917 22.8911 
2 4.4455 4.4462 19.9529 19.9515 

Clamped 

0 10.2158 10.2157 39.7706 39.7707 
0.5 10.1283 10.1284 38.2059 38.2060 
1 9.8784 9.8788 34.4275 34.4289 

1.5 9.4999 9.5001z 30.0446 30.0445 
2 9.0348 9.0357 26.0253 26.0318 

 

Table 3. Comparison of the effect of initial conditions w*(0, 0) and the ratio of h/R on the first 

frequency ratio ΩNl,1 /ΩL,1 of the nano-disk based on the dimensionless nonlocal parameterµ=0.2. 

Boundary 
condition 

w*(0,0) ΩL,1 

ΩNl,1 /ΩL,1 

h/R=0.05 h/R=0.10 

Ref.[70] Present work Ref.[70] Present work 

Simply 
supported 

0.2 

4.4462 

1.0001 1.0001 1.0003 1.0004 

0.4 1.0003 1.0003 1.0013 1.0015 

0.6 1.0007 1.0008 1.0029 1.0028 

0.8 1.0013 1.0015 1.0052 1.0053 

1.0 1.0020 1.0019 1.0081 1.0083 

Clamped 
 

0.02 

9.0398 

1.0001 1.0002 1.0006 1.0007 

0.03 1.0006 1.0008 1.0022 1.0023 

0.04 1.0013 1.0014 1.0050 1.0052 

0.05 1.0022 1.0025 1.0089 1.0091 

0.10 1.0035 1.0034 1.0139 1.0139 

 

Table 4. Comparison of the effect of initial conditions w*(0, 0) and the ratio of h/R on the first 

frequency ratio ΩNl,1 /ΩL,1 of the nano-disk based on the dimensionless nonlocal parameterµ=0.2. 

Boundary 
condition 

w*(0,0) ΩL,2 

ΩNl,2 /ΩL,2 

h/R=0.05 h/R=0.10 

Ref.[70] Present work Ref.[70] Present work 

Simply 
supported 

0.2 

19.9515 

1.0007 1.0001 1.0003 1.0004 

0.4 1.0029 1.0003 1.0013 1.0015 

0.6 1.0065 1.0008 1.0029 1.0028 
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0.8 1.0114 1.0015 1.0052 1.0053 

1.0 1.0178 1.0019 1.0081 1.0083 

Clamped 
 

0.02 

26.0139 

1.0007 1.0002 1.0006 1.0007 

0.03 1.0028 1.0008 1.0022 1.0023 

0.04 1.0062 1.0014 1.0050 1.0052 

0.05 1.0110 1.0025 1.0089 1.0091 

0.10 1.0172 1.0034 1.0139 1.0139 

 

Table 5. Comparison of the effect of initial conditions w*(0, 0) and the ratio of h/R on the first 

frequency ratio ΩNl,3/ΩL,3 of the nano-disk based on the dimensionless nonlocal parameterµ=0.2. 

Boundary 
condition 

w*(0,0) ΩL,3 

ΩNl,3 /ΩL,3 

h/R=0.05 h/R=0.10 

Ref.[70] Present work Ref.[70] Present work 

Simply 
supported 

0.2 

37.0988 

1.0007 1.0006 1.0027 1.0025 

0.4 1.0027 1.0029 1.0106 1.0107 

0.6 1.0060 1.0062 1.0236 1.0235 

0.8 1.0106 1.0106 1.0416 1.0414 

1.0 1.0165 1.0166 1.0643 1.0645 

Clamped 
 

0.02 

43.5515 

1.0012 1.0013 1.0046 1.0045 

0.03 1.0046 1.0046 1.0183 1.0184 

0.04 1.0103 1.0104 1.0407 1.0408 

0.05 1.0183 1.0185 1.0712 1.0713 

0.10 1.0284 1.0283 1.1093 1.1094 

 

In the sequel, the dimensionless central deflection w*(0, t*) of the nano-disk with simply 

supported and clamped edge boundary conditions are obtained versus t*, using the VIM, as 

well as the Runge-Kutta 4th order method, for further comparison. To plot the extracted results 

in Figs. 3 and 4, the following properties along with the initial condition of w*(0, 0) =1were 

used; µ=0.1, h/R=0.01 (Fig. 3) and h/R =0.1 (Fig. 4). Excellent agreements were observed 

between the results of both methods.  

 

Figure 3. Distribution of dimensionless transverse displacement w*(0, t*) of the nano-disk versus 

t* for h/R=0.01, based on the VIM and Rung-Kutta 4th order method, (a) simply supported and (b) 

clamped edge. 
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Figure 4. Distribution of dimensionless transverse displacement w*(0, t) of the nano-disk versus t*, 

for h/R=0.1, based on the VIM and Rung-Kutta 4th order method, (a) simply supported and (b) 

clamped edge. 

Numerical results 

To further study the influences of the dimensionless non-local parameter μ, initial condition 

w*(0, 0), h/R ratio and the associated boundary conditions on the frequency ratio ΩNl/ΩL, 

numerical simulations were used to extract the results, based on a Poisson’s ratio of υ = 0.3. 

For this purpose, for the selected values of w*(0,0) and h/R ratio shown in Tables 6-8, different 

values of frequency ratios ΩNl,i/ΩL,I were selected (values of which are shown in these Tables) 

for the first three vibration modes (i=1,2,3) of the nano-disk. Here, a value of 0.5 was selected 

for the non-local parameter µ. Results indicate that for the given values of h/R, the frequency 

ratio increases with an increase in the initial condition w*(0, 0). This result is consistent with 

the sole geometric nonlinearity assumption considered here, according to which the nano-disk 

exhibits the well-known inherent stiffening vibrational behavior associated with the von 

Kármán nonlinearity model. On the other hand, it is observed that as the ratio of h/R increases, 

the frequency ratio increases. The rate of increase in this frequency ratio is faster for the 

clamped boundary condition, in comparison with the simply supported constraint. 

 

Table 6. The effect of h/R ratio on the first nonlinear frequency ratios, ΩNL,1/ΩL,1, of the nano-disk in 

the first mode, µ=0.5 and υ = 0.3. 

Boundary 
condition 

h/R ΩL,1 
w*(0,0) 

0.1 0.2 0.5 0.7 1.0 

Simply 
supported 

0.02 

3.1529 

1.0000 1.0000 1.0001 1.0003 1.0005 

0.05 1.0000 1.0003 1.0008 1.0016 1.0033 

0.08 1.0001 1.0008 1.0021 1.0042 1.0085 

0.10 1.0001 1.0012 1.0033 1.0065 1.0132 

Clamped 
 

0.02 

6.1806 

1.0000 1.0001 1.0004 1.0008 1.0016 

0.05 1.0001 1.0009 1.0025 1.0050 1.0102 

0.08 1.0003 1.0023 1.0065 1.0127 1.0258 

0.10 1.0004 1.0037 1.0102 1.0198 1.0400 
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Table 7. The effect of h/R on the second nonlinear frequency ratios, ΩNL,2/ΩL,2, of the nano-disk in the 

second mode, µ= 0.5 and υ = 0.3. 

Boundary 
condition 

h/R ΩL,1 
w*(0,0) 

0.1 0.2 0.5 0.7 1.0 

Simply 
supported 

0.02 

10.1236 

1.0000 1.0002 1.0005 1.0010 1.0021 

0.05 1.0001 1.0012 1.0033 1.0065 1.0132 

0.08 1.0003 1.0031 1.0085 1.0165 1.0334 

0.10 1.0005 1.0048 1.0132 1.0257 1.0518 

Clamped 
 

0.02 

13.0006 

1.0001 1.0007 1.0021 1.0041 1.0083 

0.05 1.0005 1.0047 1.0129 1.0252 1.0508 

0.08 1.0013 1.0119 1.0328 1.0633 1.1254 

0.10 1.0021 1.0186 1.0508 1.0973 1.1901 

 

Table 8.  The effect of h/R on the third nonlinear frequency ratios, ΩNL,3/ΩL,3, of the nano-disk in the 

third mode, µ= 0.5 and υ = 0.3. 

Boundary 

condition 
h/R ΩL,1 

w*(0,0) 

0.1 0.2 0.5 0.7 1.0 

Simply 
supported 

0.02 

16.6983 

1.0001 1.0005 1.0013 1.0024 1.0050 

0.05 1.0003 1.0028 1.0078 1.0152 1.0308 

0.08 1.0008 1.0072 1.0198 1.0385 1.0771 

0.10 1.0013 1.0112 1.0308 1.0595 1.1181 

Clamped 

 

0.02 

19.4850 

1.0002 1.0018 1.0051 1.0100 1.0202 

0.05 1.0013 1.0114 1.0315 1.0608 1.1205 

0.08 1.0033 1.0290 1.0787 1.1492 1.2862 

0.10 1.0051 1.0450 1.1205 1.2251 1.4221 

 

The influence of dimensionless non-local parameter µ on the frequency ratio ΩNL/ΩL are shown 

in Figs. 5 and 6, for a simply supported nano-disk based on different values of µ and the two 

values of h/R=0.01(Fig. 5) and h/R=0.1(Fig. 6). Similar plots are shown in Figs.7 and 8 for the 

nano-disk based on a clamped boundary condition. The frequency ratios ΩNl,i/ΩLi for the first 

three modes (i=1,2,3) that are calculated and plotted in Fig.5-8, are based on the Poisson’s 

ratio of 0.3.Inthese figures, the frequency ratios increase monotonically with an increase in 

dimensionless non-local parameter µ.The rate of increase is higher at higher values of initial 

condition w*(0,0),as well as for the clamped edge boundary condition .Comparison of different 

cases in each figure reveals that the effect of non-local parameter µon the frequency ratio is  

less prominent at lower modes of vibration. 



526  Shariati et al. 

 

 
Figure 5.The effects of dimensionless nonlocal parameterµ and initial conditions,                       

w*(0,0) =w (0,0) R/h2, on the frequency ratios (ΩNL/ΩL) of the simply supported nano-disk with 

h/R=0.05. (a) first mode, (b) second mode, and (c) third mode. 

 

Figure 6. The effects of dimensionless nonlocal parameter µ and initial conditions,                       

w*(0, 0) =w(0,0) R/h2, on the frequency ratios (ΩNL/ΩL)of the simply supported nano-disk with 

h/R=0.1. (a) first mode, (b) second mode, and (c) third mode. 

 

Figure 7. The effects of dimensionless nonlocal parameter µ and initial conditions,                    

w*(0,0) =w (0,0) R/h2, on the frequency ratios (ΩNL/ΩL) of the clamped nano-disk with h/R=0.05. (a) 

first mode, (b) second mode, and (c) third mode. 
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Figure 8. The effects of dimensionless nonlocal parameter µ and initial conditions,           

w*(0,0) =w (0,0) R/h2, on the frequency ratios (ΩNL/ΩL) of the clamped nano-disk with 

h/R=0.1. (a) first mode, (b) second mode, and (c) third mode. 

 

Figures 9-12 illustrate dependency of frequency ratio (ΩNL/ΩL) on h/R, for different values of 

μ and the two initial conditions of w*(0,0) =0.5 and w*(0,0) =1.0. The selected boundary 

conditions are assumed to simply supported and clamped. It is observed that based on the 

nonlocal elasticity theory, the h/R ratio plays an important role in the nonlinear frequencies, 

while according to the local theory (μ=0) its effect is minute. Moreover, according to the 

nonlocal elasticity theory, the effect of h/R is more pronounced at higher values of nonlocal 

parameter µ, higher modes of vibration, as well as the clamped edge boundary condition. 

 

 

Figure 9. The effects of (h/R) ratio and dimensionless nonlocal parameter µ on the frequency 

ratio (ΩNL/ΩL) for a simply supported nano-disk with w*(0,0) =0.5. (a) first mode, (b) 

second mode, and (c)third mode of vibration.  
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Figure 10. The effects of (h/R) ratio and dimensionless nonlocal parameterµ on the 

frequency ratio (ΩNL/ΩL) for a simply supported nano-disk with w*(0,0) =1.0. (a) first 

mode, (b) second mode, and (c) third mode of vibration. 

 

Figure 11. The effects of (h/R) ratio and dimensionless nonlocal parameterµ on the 

frequency ratio (ΩNL/ΩL) for a clamped nano-disk with w*(0,0) =0.5.  (a) first mode, (b) 

second mode, and (c) third mode of vibration. 

 

Figure 12. The effects of (h/R) ratio and dimensionless nonlocal parameterµ on the frequency ratio 

(ΩNL/ΩL) for a clamped nano-disk with w
*
(0,0) =1.0.  (a) first mode, (b) second mode, and (c) third 

mode of vibration. 
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 The vibrational transverse displacements of the clamped and simply supported nano-disk 

with w(0,0) R/ h2 =1.0are displayed in Figs.13 and 14.The used value of h/R is equal to 1.0.To 

perform the corresponding calculations, the geometric and mechanical properties used to 

generate the data in Table 2 were used. For the purpose of comparison, the corresponding 

results from the local theory of plate are also superimposed.  

The differences in transverse displacements predicted by the local and nonlocal models can 

be clearly observed in both figures. This difference is less prominent for smaller nonlocal 

parameterµ. Consequently, one can conclude that the nonlocal parameter has a major effect 

on the vibrational transverse displacement and modeling a nano-disk based on the classical 

theory creates erroneous results.  

 

Figure 13. The effect of dimensionless nonlocal parameter µon the dimensionless transverse 

displacement w*(0, t*) of the nano-disk, based on h/R=0.01and w*(0, 0) =1.0 for, (a) simply 

supported condition, and (b) clamped edge condition. 

 

Figure 14. The effect of dimensionless nonlocal parameter µ on the dimensionless transverse 

displacement w*(0, t*) of the nano-disk, based on h/R=0.1 and w*(0, 0) =1.0for, (a) simply 

supported condition, and (b) clamped edge condition.  

Conclusion 

A new method for the solution of nonlinear free vibration of a nano-disk (nano circular plate) 

was formulated by applying Hamilton’s principle, based on the nonlocal elasticity and von 

Kármán geometrically nonlinear theories. The proposed model was size-dependent with an 

additional material length scale parameter to capture the size effect. The deduced governing 
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equations were formulated such that they could be reduced to those of local elasticity theory 

providedµ=0. The Galerkin weighted residual method, in conjunction with the VIM, was used 

to solve the governing equations for the two simply supported and clamped edge boundary 

conditions. The applied method proved to be straightforward, useful, and a powerful technique 

for providing a solution for nonlinear characteristic relation of the dimensionless frequency 

versus amplitude, as well as the mode shape functions, when size effect is included. Results 

indicated that for all values of the nonlocal parameter µ, the linear natural frequencies predicted 

by the local theory are greater than those predicted by the nonlocal elasticity theory. This result 

was consistent with the sole geometric nonlinearity assumption according to which the nano-

disk exhibits the well-known inherent stiffening behavior associated with the von Kármán 

nonlinearity model. Moreover, increasing the value of dimensionless nonlocal parameter, 

increased the effect of central dimensionless amplitude on the nonlinear frequencies. This 

effect was more at higher vibrational modes. Additionally, it was observed that the ratio of h/R 

plays an important role in the nonlinear frequencies, while according to the local theory of 

elasticity, its effect appears to be minute. However, results indicated that the nonlocal effect 

may be ignored when the thickness to radius ratio, h/R, is very small. Further examination of 

the results on both boundary conditions indicated that there is a considerable difference 

between the predicted values of frequencies and transverse displacements, obtained from the 

local and nonlocal models.  
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