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1. Introduction 

    Cracking and delamination problems are frequently occurred in 
layered composite structures because of the stress discontinuities 
at interfaces. In order to minimize these problems in composite 
structures, functionally graded materials were used for get rid of 
discontinuities at interfaces surfaces and the minimize the stress 
concentrations. Functionally graded materials are special 
composites whose properties change gradually though direction. 
In generally, functionally graded materials consist of a mixture of 
ceramic and metal materials. In the last years, the functionally 
graded materials have been found in many engineering 
applications, such as aircrafts, space vehicles and biomedical 
sectors.  

    By increasing functionally graded structures, many researchers 

investigated the static, dynamic and stability analyses of 

functionally graded structures in last decades. In the literature, 

some investigations of static behavior of functionally graded and 
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layered structures are as follows; Lewandowski [1] presented an 

analytical examination for geometrically nonlinear free vibrations 
of beams by using Hamilton’s principle with the Ritz method. 

Reddy [2] analyzed functionally graded plates by using finite 

element models and Navier’s solution based on third order shear 

deformation plate theory. Sankar [3] studied an elastic solution of 

a functionally graded beam exposed to transverse loads. 

Deschilder et al. [4] investigated nonlinear structural analysis of a 
functionally graded beam based on the large deflection theory. Chi 

and Chung [5] investigated the mechanical behavior of a simply 

supported functionally graded material plate under the transverse 

load by using finite element method. Palanivel [6] performed the 

free vibration analysis of laminated composite beams by using two 

high-order shear deformation theory and finite elements method. 
Zhong and Yu [7] investigated the stress analysis of the cantilever 

functionally graded beams under different loads. Aydogdu and 

Taskin [8] studied the free vibration analysis of a simply supported 

functionally graded beams by using the Navier method. Kadoli et 

al. [9] performed the static analysis of the functionally graded 
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The aim of this paper is to compare the static deflections and stress results of 

layered and functionally graded composite beams under static load. In the 

comparison study, the results obtained for a cantilever beam under point load. The 
Timoshenko beam and the Euler-Bernoulli beam theories are used in the beam 

model. The energy based Ritz method is used for the solution of the problem and 

algebraic polynomials are used with the trivial functions for the Ritz method. Two 

different materials are considered as layered and functionally graded distribution in 

a cantilever beam and their static deflections, stress distributions are compared 

under a point load at free end of the beam. For two different distributions, the 

formulations of Ritz method are obtained and solved numerically. In the numerical 

results, the effects of material distribution parameter, aspect ratio on the static 

deflections and stress distribution of functionally graded beams are obtained and 

compared with the results of the layered composite beam. Difference among of 

beam theories are compared for functionally graded and layered beams. Also, some 

comparison studies are performed in order to validate the using formulations. 
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beam with high order shear deformation theory. Li [10] studied a 

unified approach to analyze the static and dynamic behavior of 

functionally graded Timoshenko and Euler Bernoulli beams with 

the effect of rotary inertia and shear deformation. Benatta et al. 

[11] presented high order beam theory for analysis of short 

functionally graded symmetric beams under three-point bending. 
Şimşek [12] performed static analysis of a functionally graded 

beam by using the Ritz method with the effect of uniformly 

distributed load. Saidi et al. [13] studied axisymmetric bending and 

buckling analysis of functionally graded circular plate by using 

third-order shear deformation theory. Amirani et al. [14] 

investigated the free vibration analysis of sandwich beams with a 
functionally graded material as core material by using Galerkin 

method for the two-dimensional elasticity problems. Kang and Li 

[15] investigated nonlinear static analysis of functionally graded 

cantilever beams by considering power-law non-linearity. 

Mohammadi et al. [16] performed the buckling analysis of thin 

functionally graded rectangular plates by using the classical plate 
theory. Akbaş [17-22] performed static, post-buckling, dynamic, 

geometrically nonlinear analysis of cracked functionally graded 

and fiber reinforced beams by using finite element method. 

Kocatürk and Akbaş [23] studied post-buckling analysis of 

Timoshenko beams exposed to non-uniform thermal loads with the 

various boundary conditions. Danesh et al. [24] investigated the 
axial vibration analysis of tapered nanorod based on the non-local 

elasticity theory by using the differential quadrature method. 

Mohammadi et al. [25] examined the vibration analysis under the 

temperature effect of annular graphene sheet embedded in the 

Visco – Pasternak foundation. Pradhan and Chakraverty [26] 

performed the free vibration analysis of functionally graded 
material beams under the different boundary conditions by using 

Rayleigh-Ritz method within first order shear deformation theory. 

Su et al. [27] performed a dynamic stiffness method to analyze the 

free vibration of functionally graded beams. Li and Batra [28] 

examined the analytical relationships between the functionally 

graded Timoshenko and Euler Bernoulli beams subjected to axial 
compressive load in terms of critical buckling load. Akgöz and 

Civalek [29] examined the free vibration of functionally graded 

tapered microbeams by using the modified couple stress theory. 

Asemi et al. [30] performed nonlinear stability analysis of 

orthotropic single-layered graphene sheet by using the nonlocal 

theory of Eringen. Safarabadi et al. [31] analyzed the free vibration 
of the rotating nanobeam and examined the effects of surface 

energy on vibration frequency. Vo et al. [32] analyzed the free 

vibration and buckling of the functionally graded sandwich beams 

with a finite element model using a quasi-3D theory. Avcar [33] 

investigated free vibration of functionally graded Beams resting 

on elastic foundation under Axial Force. Akbaş [34,35,36,37] 
studied the effects of temperature rising on the static and dynamic 

responses of functionally graded and laminated composite beams. 

Wattanasakulpong and Mao [38] studied the dynamic response of 

functionally graded beams with different boundary conditions by 

using the Chebyshev collocation method within Timoshenko beam 

theory. Nguyen et al. [39] analyzed static, buckling and vibration 
analysis of a laminated composite beams by using the high order 

beam theory. Özütok and Madenci [40] performed static analysis 

of laminated composite beams by using mixed type finite element 

method based on high order shear deformation theory. Civalek 

[41] studied vibration analysis of laminated composite panels with 

various functionally graded constituents. Mohammadi and 
Rastgoo [42] studied the vibration behavior of new generation 

nanostructures under the effect of harmonic loads. Ghasemi and 

Mohandes [43] compared between the vibrations of fiber-metal 

laminate and composite cylindrical shells by using beam modal 

function model. Karamanlı [44] investigated the bending analysis 

of laminated composite and sandwich beams by using Timoshenko 

beam theory and the Ritz method. Mahmoudi et al. [45] 

investigated effects of micromechanical models on free vibration 

of functionally graded plates resting on elastic foundation. Moradi 

et al. [46] investigated vibration of functionally graded nanoplate 

resting on Visco Pasternak foundation with Magneto-Thermo 
effects. Zargaripoor et al. [47] presented vibration of functionally 

graded nanoplates by usingnonlocal elasticity theory and finite 

element method. Sayyad and Ghugal [48] performed bending, 

buckling and free vibration analysis of functionally graded simple 

supported beams by using Navier method. Chen et al. [49] 

performed the buckling and the bending analysis of the 
functionally graded porous plate by using the Cherbysev – Ritz 

method. Hadji et al. [50] and Zouatnia et al. [51] investigated 

effects of micromechanical models on the static and free vibration 

responses of functionally graded porous beam by using the Navier 

method. Yaylı [52] examined Free vibration analysis of a 

rotationally restrained nanotube. Akbaş [53-64] studied dynamics 
of functionally graded and layered beam with different conditions. 

Seyyed Nosrati et al. [65] solved elasto-plastic behavior of thick-

walled spherical vessels with functionally graded layers. Yüksel 

and Akbaş [66] investigated critical buckling loads of fiber 

reinforced laminated plates with porosity by using the Navier 

method. Barati et al. [67] presented static torsion of bi-directional 
functionally graded microtube based on the couple stress theory 

under magnetic field. Khoram et al. [68] investigated Bending 

analysis of bidirectional fgm timoshenko nanobeam subjected to 

mechanical and magnetic forces and resting on winkler–pasternak 

foundation. Mohammadi et al. [69] investigated the free and forced 

vibration behavior of  a porous functionally graded nanobeam 
resting on a nonlinear foundation with the effect of electrical and 

mechanical loads. Mohammadi and Rastgoo [70] examined the 

nonlinear free and forced vibration analysis of the viscoelastic 

composite nanoplate.  

    In this study, static deflection and stress distribution of 
functionally graded and layered composite cantilever beams are 

obtained and compared each other. The considered problem is 
solved by using the Ritz method based on the both Timoshenko 

and Euler-Bernoulli beam theories. In the comparison study, the 
static deflections and stresses are compared with different values 

of material distribution parameters and aspect ratios. In addition, 
difference among of beam theories are compared for functionally 

graded and layered beams. In order to validate the using 
formulations and program, some comparison studies are 

presented. 
 

2. Equations 

    Cantilever composite beams made of a mixture of ceramic 

and metal materials are shown in layered and functionally 

graded distributions in figure 1. The composite beam subjected 

to a point load (P) at free with end with the L length, the b 

height and b width according to X, Y, Z the Cartesian coordinate 

system. In the functionally graded beam, the material 

properties vary though the height direction as shown figure 1a. 

In layered beam, two layers are used as shown figure 1b. The 

geometry properties of layers are equal to each other. In layered 

beam, the bottom and top layers of the beam is considered as a 
ceramic material: Zirconia and a metal material: Alumina, 

respectively. In case these materials grade continuously in the 

thickness direction, the bottom surfaces of beam are considered 

as a ceramic material (Zirconia) and the top surfaces is 

considered as a metal material (Alumina) as shown figure 1.  
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                              Figure 1. A cantilever composite beam under a point load (P) at free end in case of a) functionally graded distribution  

b) Layered distribution. 

 

Based on the Timoshenko beam theory, the axial strain (εz) and 

shear strain (γzy) are given as follows; 
                               

                                  𝜀𝑧 =
𝜕𝑢0

𝜕𝑧
− 𝑌

𝜕∅

𝜕𝑧
                (1a) 

                               𝛾𝑧𝑦 =
𝜕𝑢0

𝜕𝑦
+

𝜕𝑣0

𝜕𝑧
                                                  (1b)                                                     

where,𝑢0 , 𝑣0 and ∅  are axial displacement, vertical displacement 

and rotation, respectively. The relation between stress and strain is 
given as follows;  

                           𝜎𝑧 = 𝐸(𝑌) [
𝜕𝑢0

𝜕𝑧
− 𝑌

𝜕∅

𝜕𝑧
]                                  (2a)                                              

                              𝜎𝑧𝑦 = 𝐺(𝑌)𝐾𝑠 [
𝜕𝑣0

𝜕𝑧
− ∅]                                 (2b)   

where, E is the Young’s Modulus, 𝐺 shear Modulus, 𝜎𝑧 is the 

normal stress, 𝜎𝑧𝑦 is the shear stresses and 𝐾𝑠 is the shear 

correction factor. In case the rotation is ∅ = 𝜕𝑣0
𝜕𝑧

⁄  , the beam 

model reduces to the Euler-Bernoulli beam theory. The material 
properties (P) of the beam in case of functionally graded material 

change though height axis based on following power-law function 
distribution; 

                      𝑃(𝑌) = (𝑃𝐵 − 𝑃𝑇) (
𝑌

ℎ
+

1

2
)

𝑛

+ 𝑃𝑇                                (3)   

where 𝑃𝐵 and 𝑃𝑇 are material properties of bottom and top 

surfaces, n is the power-law coefficient (material distribution 

parameter). According to equation (3), when Y=-h/2, P= 𝑃𝑇, and 

when Y=h/2, P= 𝑃𝐵  when n=0 material of beam gets homogenous 
full bottom material, and when n=∞ material of beam gets 

homogenous full top material. In the layered beam with two layers, 
the material properties (P) of the beam is defined as follows; 

              𝑃(𝑌) = {
𝑃𝐵 ,          0 ≤ ℎ ≤ 0.5ℎ
𝑃𝑇,        −0.5ℎ ≤ ℎ ≤ 0

                              (4)    

The elastic strain energy (Ui) and potential energy of the external 

loads (Ue) of the beam are expressed as follows; 

               𝑈𝑖 =  
1

2
∫ 𝜎𝑧𝜀𝑧𝑑𝑉 +

𝑉

1

2
∫ 𝜎𝑧𝑦𝛾𝑧𝑦𝑑𝑉

𝑉
                            (5a)  

                 𝑈𝑖 =
1

2
∫ [𝐴0 (

𝜕𝑢0

𝜕𝑧
)

2

− 2𝐴1
𝜕𝑢0

𝜕𝑧

𝜕∅

𝜕𝑧
+ 𝐴2 (

𝜕∅

𝜕𝑧
)

2

] 𝑑𝑍 +
𝐿

0

                          
1

2
∫ 𝐾𝑠𝐵0 [(

𝜕𝑣0

𝜕𝑧
)

2

− 2
𝜕𝑣0

𝜕𝑧
∅ + ∅2] 𝑑𝑍

𝐿

0
                (5b)                  

               𝑈𝑒 = −
1

2
∫ 𝑃

𝐿

0
𝑣0𝑑𝑍                                                     (6)   

where, 𝐴0 , 𝐴1 , 𝐴2 and 𝐵0 are expressed as follows; 

                𝐴0 = ∫ 𝐸(𝑌)𝑑𝐴
𝐴

,     𝐴1 = ∫ 𝐸(𝑌)𝑌𝑑𝐴
𝐴

,  

                   𝐴2 = ∫ 𝐸(𝑌)𝑌2𝑑𝐴
𝐴

,   𝐵0 = ∫ 𝐺(𝑌)𝑑𝐴
𝐴

                     (7)   

The total potential energy (𝛱) of the problem is expressed as 
follows: 

                              Π =  𝑈𝑖 + 𝑈𝑒                                            (8)   

In the solution of the problem in Ritz method, approximate 
solution is given as a series of n terms of the following form:    

 

                      𝑢𝑜 =  ∑ a𝑖𝛼𝑖(𝑧)𝑛
𝑖=1                                                      (9a) 

                      𝑣𝑜 =  ∑ 𝑏𝑖𝛽𝑖(𝑧)𝑛
𝑖=1                                         (9b)                                

                      ∅ =  ∑ 𝑐𝑖𝛾𝑖(𝑧)𝑛
𝑖=1                                                         (9c) 

where, a𝑖, 𝑏𝑖 and 𝑐𝑖 are unknown coefficients, 𝛼𝑖, 𝛽𝑖 and 𝛾𝑖 are a 

set of functions of Z, namely coordinate function defined over the 

interval [0, L]. The coordinate functions for the cantilever beam 

are given as algebraic polynomials: 

                         𝛼𝑖(𝑧) = 𝑧𝑖                                                                 (10a) 

                         𝛽𝑖(𝑧) = 𝑧(𝑖+1)                                                          (10b) 
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                         𝛾𝑖(𝑧) = 𝑧𝑖                                                                 (10c) 

where i indicates the number of polynomials involved in the 

admissible functions. According to the minimum total potential 

energy principle, unknown coefficients a𝑖, 𝑏𝑖 and 𝑐𝑖 which 

correspond to the minimum of the total potential energy are 
determined by the conditions: 

             
𝜕𝛱

𝜕a𝑖
= 0,    

𝜕𝛱

𝜕b𝑖
= 0,    

𝜕𝛱

𝜕c𝑖
= 0,     𝑖 = 1,2,3 … … . 𝑛       (11)           

Differentiation of П in respect to unknown coefficients a𝑖, 𝑏𝑖 and 

𝑐𝑖 produces the following equilibrium equations: 

                                                       

                  [

𝐾𝑖𝑗
11 𝐾𝑖𝑗

12 𝐾𝑖𝑗
13

𝐾𝑖𝑗
21 𝐾𝑖𝑗

22 𝐾𝑖𝑗
23

𝐾𝑖𝑗
31 𝐾𝑖𝑗

32 𝐾𝑖𝑗
33

] {

𝑎𝑗

𝑏𝑗

𝑐𝑗

} = {

𝐹𝑖
1

𝐹𝑖
2

𝐹𝑖
3

}            (12) 

where, Kij and Fi are the stiffness and load matrixes for the 

Timoshenko beam theory, respectively. The detail of these 

expressions are given as follows; 

 

       𝐾𝑖𝑗
11 = ∑ ∑ ∫ 𝐴0

𝜕𝛼𝑖

𝜕𝑧

𝜕𝛼𝑗

𝜕𝑧

𝐿

0
𝑛
𝑗=1

𝑛
𝑖=1 𝑑𝑧 , 𝐾𝑖𝑗

12 = 0 ,                                 

       
   
𝐾𝑖𝑗

13
= − ∑ ∑ ∫ 𝐴1

𝜕𝛼𝑖

𝜕𝑧

𝜕𝛾𝑗

𝜕𝑧

𝐿

0
𝑛
𝑗=1

𝑛
𝑖=1 𝑑𝑧, 𝐾𝑖𝑗

21 = 0, 

       𝐾𝑖𝑗
22 =  ∑ ∑ ∫ 𝐾𝑠𝐵0

𝜕𝛽𝑖

𝜕𝑧

𝜕𝛽𝑗

𝜕𝑧

𝐿

0
𝑛
𝑗=1

𝑛
𝑖=1 𝑑𝑧,                                         

       𝐾𝑖𝑗
23 = − ∑ ∑ ∫ 𝐾𝑠𝐵0

𝜕𝛽𝑖

𝜕𝑧
𝛾𝑗

𝐿

0
𝑛
𝑗=1

𝑛
𝑖=1 𝑑𝑧,   

       𝐾𝑖𝑗
31 = − ∑ ∑ ∫ 𝐴1

𝜕𝛾𝑖

𝜕𝑧

𝜕𝛼𝑗

𝜕𝑧

𝐿

0
𝑛
𝑗=1

𝑛
𝑖=1 𝑑𝑧,                                                               

       𝐾𝑖𝑗
32 = − ∑ ∑ ∫ 𝐾𝑠𝐵0𝛾𝑖

𝜕𝛽𝑗

𝜕𝑧

𝐿

0
𝑛
𝑗=1

𝑛
𝑖=1 𝑑𝑧 

       𝐾𝑖𝑗
33 = ∑ ∑ ∫ 𝐴2

𝜕𝛾𝑖

𝜕𝑧

𝜕𝛾𝑗

𝜕𝑧

𝐿

0
𝑛
𝑗=1

𝑛
𝑖=1 + ∑ ∑ ∫ 𝐾𝑠𝐵0𝛾𝑖𝛾𝑗

𝐿

0
𝑛
𝑗=1

𝑛
𝑖=1 𝑑𝑧,    

       𝐹𝑖
1 = 0 , 𝐹𝑖

3 = 0  

      𝐹𝑖
2 = ∑ ∫ 𝑃𝛽𝑖𝑑𝑧

𝐿

0
𝑛
𝑖=1                                                             (13) 

  

   By implementing of the rotation ∅ = 𝜕𝑣0
𝜕𝑧⁄  into the relevant 

equations, the Ritz formulations for Euler-Bernoulli beam theory 

are presented as follows; 

                     [
𝐾𝑖𝑗

11 𝐾𝑖𝑗
12

𝐾𝑖𝑗
21 𝐾𝑖𝑗

22] {
a𝑗

b𝑗
} = {

𝐹𝑖
1

𝐹𝑖
2}                                    (14)  

where, 

                    𝐾𝑖𝑗
11 = ∑ ∑ ∫ 𝐴0

𝜕𝛼𝑖

𝜕𝑧

𝜕𝛼𝑗

𝜕𝑧

𝐿

0
𝑛
𝑗=1

𝑛
𝑖=1 𝑑𝑧,   

                      𝐾𝑖𝑗
12 = − ∑ ∑ ∫ 𝐴1

𝜕𝛼𝑖

𝜕𝑧

𝜕2𝛽𝑗

𝜕𝑧2

𝐿

0
𝑛
𝑗=1

𝑛
𝑖=1 𝑑𝑧,                                                       

                     𝐾𝑖𝑗
21 = − ∑ ∑ ∫ 𝐴1

𝜕𝛼𝑗

𝜕𝑧

𝜕2𝛽𝑖

𝜕𝑧2

𝐿

0
𝑛
𝑗=1

𝑛
𝑖=1 𝑑𝑧 

                    𝐾𝑖𝑗
22 = ∑ ∑ ∫ 𝐴2

𝜕2𝛽𝑖

𝜕𝑧2

𝜕2𝛽𝑗

𝜕𝑧2

𝐿

0
𝑛
𝑗=1

𝑛
𝑖=1 𝑑𝑧,                                                          

                    𝐹𝑖
1 = 0 and 𝐹𝑖

2 = ∑ ∫ 𝑃𝛽𝑖𝑑𝑧
𝐿

0
𝑛
𝑖=1                                (15) 

 

3. Findings and Discussion 

    In this section, static deflections and stress distribution of a 
cantilever beam are obtained for both functionally graded and 

layered composite materials, and the results of two different 
composites are compared each other. In addition, the results are 

compared with different beam theories such as Timoshenko and 
Euler-Bernoulli beam theories for different aspect ratios. In the 

numerical examples, the materials of the beams are selected as 
Zirconia and Alumina, and their distributions are shown in figure 

1. The material parameters of these materials are given as follows. 
Zirconia: E=151 GPa, ν=0.2882, Alumina: E=70 GPa, ν=0.31. ν 

indicates the Poisson’s ratio. The geometry properties of the beam 

are selected as  𝑏 = 0.1 m, h=0.1 m and the Length is varied 

according to the aspect ratios (L/h). 

    In order to validate the formulations and using program for 

functionally graded beams, the maximum vertical displacements 
(at free end) are obtained and compared with special results of 

Kang and Li [15]. In the study of Kang and Li [15], the nonlinear 
static displacements of a cantilever functionally graded beam are 

obtained for different material graduation parameters (n) under 
point load like this study. The linear results of Kang and Li [15] in 

figure 7a are compared with this study in figure 2 according to the 
parameters of [15]. In this comparison study, the dimensionless 

results are presented and Q indicates the dimensionless load which 
defines as follows; Q=PL2/bh3Eb. It is seen from figure 2 that the 

displacements of [15] are very close to this study’s. 

 

Figure 2. Comparison study; dimensionless maximum vertical 
displacements and load relation for functionally graded cantilever 

beam for different material graduation parameters (n). 

 

 
    To further validate the formulations and using program for 

layered composite beam, the maximum vertical displacements (at 
free end) are obtained and compared with ANSYS Workbench 14 

program for a point load P=100 kN according to different aspect 

ratios (L/h) in table 1. As seen from table 1, the results of this study 
are very close to the ANSYS Workbench 14’s. 
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Table 1. Comparison study; Maximum vertical displacements 
(vmax) of the two layered composite beam for different aspect ratios. 

 vmax   (m) 

 L/h=7 L/h=10 L/h=15 L/h=30 

Present 0.014 0.04053 0.13628 1.0877 

ANSYS 
Workbench 

14 
0.017 0.04215 0.13923 1.0886 

 

 

    In figure 3, the vertical maximum displacements (at the free-end 
of the cantilever beam) versus the increasing of the load are 

presented in functionally graded and layered beams for different 
aspect ratios. In addition, the results are presented in both Euler-

Bernoulli beam theory (EBT) and Timoshenko beam theory (TBT) 
in these figures. In the results of the functionally graded materials, 

different values of the power-law coefficient (material distribution 
parameter) n are used in order to compare between the results of 

functionally graded and layered materials. 

    It is seen from figure 3 that, the displacements of functionally 

graded beam increase by increasing the material graduation 
parameter (n). Because Young’s Modulus of the beams decrease 

according to equation (3) and position of the materials, the 

stiffness of the beam decreases and the displacements increase 
naturally. With the same materials and theirs positions in the beam, 

the displacements of the layered distribution are shown in black 
color in these figures. The displacements of the layered beams are 

bigger than the results of functionally graded parameter n=1. The 
values of displacements of the layered beams are between the 

results of n=1 and n=3. The displacements of n<1 are smaller than 
the layered beam’s. If the value of functionally graded graduation 

parameter selects less than n=1, the displacements of functionally 
graded material is smaller than the layered beam’s. So, using the 

functionally graded material has a superiority over layered beams 
for n<1. The results show that the material graduation parameter 

plays important role on the mechanical behavior of the 
functionally graded materials and with suitable choosing of n 

parameter, functionally graded materials have more advantages 
than layered materials in regards to mechanical responses. 

    Another results of figure 3 that the difference between results 
Euler-Bernoulli beam theory and Timoshenko beam theory 

decreases with increasing of aspect ratio for two composites 
significantly. In smaller values of aspect ratio, there is a 

considerable difference between two theories. In order to get 
realistic results in smaller values of aspect ratios, the Timoshenko 

beam theory must be used instead of the Euler-Bernoulli beam 
theory for two composites. 

    In figures 4 and 5, normal stress and shear stress distributions 
along the height at the fixed support of the functionally graded and 

layered composite beams are presented, respectively, for different 

material distribution parameters for P=105 N, L/h=8 for the 

Timoshenko beam theory. Figures 4 and 5 shows that the stress 

distributions in the layered composite are very different from the 
functionally graded composites’. In the layered composite beam, 

the normal and shear stresses change suddenly at the interface. The 
stresses are discontinuities in these points. Whereas, the stresses 

don’t change suddenly in the functionally graded beams and 
distribute as gradually. The results of the stress discontinuities at 

interfaces in the layered composite, cracking and delamination are 

often occurred. So, with the using the functionally graded 

composites instead of layered composites, fracture problems can 
be minimizing. Also it is seen from figures 4 and 5, the material 

graduation parameter has very effects on the stress distribution of 
functionally graded composites. With suitable choosing of n 

parameter, the stresses can be decreased significantly 

 

In order to more see the difference between layered and 

functionally graded beams, the static deflection shapes are 
presented in figure 6 for layered and different values of material 

graduation parameters (n) for functionally graded material for 

L/h=10 and P=105 N in the Timoshenko beam theory. As seen 

from figure 6 that the there is a big difference between layered and 
functionally graded materials in the static deflection shapes. Like 

the previous results, the n parameter has important role on the 
mechanical behavior of functionally graded material. With 

decreasing of n parameter, the displacements decrease in contrast 

with layered composite. This shows that functionally graded 
materials are more superior than layered composites in the 

mechanical behavior of the structures. 

 

 

4. Conclusions 

    A comparison study between functionally graded and layered 
composites is investigated for static deflections and stresses of a 

cantilever beam subjected to a point load. In the solution of the 
study, the Ritz method is used based on both Timoshenko and 

Euler-Bernoulli beam theories. For two different distributions, the 
formulations of Ritz method are obtained and solved numerically. 

The influences of material distribution parameter, aspect ratio on 
the static deflections and stress distribution of functionally graded 

beams are investigated and compared with the results of the 
layered composite beam in both Timoshenko and Euler-Bernoulli 

beam theories. Some comparison studies are performed in order to 
validate the using formulations. 

    It is seen from results, there is a big difference between static 
behaviors of layered and functionally graded materials. With 

changing in the material distribution, the mechanical behaviour of 
functionally graded beam vary significantly and the difference 

among two material change considerably. With suitable choosing 
of n parameter, functionally graded materials have more 

advantages than layered materials in regards to mechanical 
responses. Another result of this study is that the Timoshenko 

beam theory must be used instead of the Euler-Bernoulli beam 
theory in smaller values of aspect ratios for both functionally 

graded and layered beams. In case of suitable choosing of the 
material distribution parameter, functionally graded materials are 

more superior than layered composites in the mechanical behavior 
of the structures. 
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Figure 3. The load- displacement relation for functionally graded and layered beams according to different beam theories and material 
distribution parameters (n) for aspect ratios a) L/h=5, b) L/h=6, c) L/h=8, d) L/h=10 and e) L/h=15. 

 

 

 
Figure 4. Normal stress distributions along the height at the fixed 

support of the functionally graded and layered composite beams for 
different material distribution parameters in Timoshenko beam 

theory. 

 
 

 

  
Figure 5. Shear stress distributions along the height at the fixed 

support of the functionally graded and layered composite beams 
for different material distribution parameters in the Timoshenko 

beam theory. 
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Figure 6. Static deflection shape of functionally graded and layered 
composite beams for different material distribution parameters in the 

Timoshenko beam theory. 
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