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1. Introduction 

In recent years, there has been a growing interest in the 
integro-differential equations which are a combination of 

differential and integral equations. The nonlinear Fredholm 

integro-differential equations play an important role in many 
branches of nonlinear functional analysis and their applications 

in the theory of engineering, mechanics, physics, electrostatics, 
biology, chemistry and economics [1-11].  In this paper, we 

consider the Fredholm integro-differential equations of the 
type: 
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where Z(j)(x) is the jth derivative of the unknown function Z(x) 
that will be determined, K(x,t) is the kernel of the equation, f(x) 

and ξj(x) are an analytic function, G is nonlinear function of Z 
and a,b,γ, and br are real finite constants. Recently, many authors 

focus on the development of numerical and analytical techniques 
for integro-differential equations. For instance, we can mention 

the following works: Abbasbandy and Elyas [2] studied some 
applications on variational iteration method for solving system 

of nonlinear Volterra integro-differential equations, Alao et al. 
[4] used Adomian decomposition and variational iteration 

methods for solving integro-differential equations, Behzadi et al. 
[5] solved some class of nonlinear Volterra-Fredholm integro-

differential equations by homotopy analysis method, Hamoud 
and Ghadle [6] applied the hybrid methods for solving nonlinear 

Volterra-Fredholm integro-differential equations, Mittal and 
Nigam [12] applied the Adomian decomposition method to 

approximate solutions for fractional integro-differential 
equations, and Yang and Hou [13] applied the Laplace 

decomposition method to solve the fractional integro-
differential equations. Moreover, several authors have applied 

the Adomian decomposition method and the variational iteration 
method to find the approximate solutions of various types of 

integro-differential equations [14-22]. 

The main objective of the present paper is to study the 
behavior of the solution that can be formally determined by 

semi-analytical approximated method as the variational 
iteration method. Moreover, we proved the existence, 

uniqueness results and convergence of the solutions of the 
Fredholm integro-differential equation (1.1). 

2. Description of the Method 

Some powerful methods have been focusing on the 

development of more advanced and efficient methods for 
integro-differential equations such as the variational iteration 

method [23-26]. We will describe this method in this section: 

2.1. Variational Iteration Method (VIM) 

This method is applied to solve a large class of linear and 
nonlinear problems with approximations converging rapidly to 

exact solutions. The main idea of this method is to construct a 
correction functional form using general Lagrange multipliers. 

These multipliers should be chosen such that its correction 

solution is superior to its initial approximation, called trial 
function. It is the best within the flexibility of trial functions. 

Accordingly, Lagrange multipliers can be identified by the 
variational theory [25]. A complete review of He’s variational 
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iteration method is available in [27].  To illustrate, we consider 
the following general differential equation: 

            LZ(x)+NZ(x)=f(x),                                                    (2.1) 

where L is a linear operator, N is a nonlinear operator and f(x) is 
inhomogeneous term. The terms Zn are calculated by a correction 

functional as follows: 
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The successive approximation Zn(x), n ≥ 0 of the solution Z(x) 

will be readily obtained upon using the obtained Lagrange 
multiplier and by using any selective function Z0. The zeroth 

approximation Z0 may be selected using any function that just 
satisfies at least the initial and boundary conditions, with λ 

determined, several approximations Zn(x), n ≥ 0 follow 
immediately. 

The VIM has been shown to solve effectively, easily and 
accurately a large class of nonlinear problems with 

approximations converging rapidly to accurate solutions. 
To obtain the approximation solution of IVB (1.1) − (1.2), 

according to the VIM, the iteration formula (2.2) can be written as 
follows: 
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where L−1 is the multiple integration operator given as follows: 
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To find the optimal λ(x), we proceed as follows: 
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From Eq. (2.3), the stationary conditions can be obtained as 

follows: 
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As a result, the Lagrange multipliers can be identified as λ(x) = −1 

and by substituting in Eq. (2.3), the following iteration formula is 
obtained: 
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The term 
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components ( )
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Z x   recursively for n ≥ 0. Consequently, the 

approximation solution may be obtained by using 
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3. Main Results  

In this section, we shall give the results of existence and 
uniqueness of Eq. (1.1), with the initial condition (1.2) and 

prove it. We can write the equation (1.1) in the form of: 
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Before starting and proving the main results, we introduce the 

following hypotheses: 

(H1)  There exist two constants and 0, 0,...,
j
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(H4)  ( )x  is   bounded function for all x  in [ , ].J a b  

Theorem 3.1. Assume that (H1)–(H4) hold. If 
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Theorem 3.2. If problem (1.1) − (1.2) has a unique solution, then 

the solution ( )nZ x  obtained from the recursive relation (2.4) 
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 Since 0 1,   then || || 0
n

W  . So, the series 

converges and the proof is complete. 

4. Numerical Results 

In this section, we present the semi-analytical technique 
based on the VIM to solve Fredholm integro-differential 

equations. To show the efficiency of the present method for our 
problems in comparison with the exact solution, we report 

absolute error. 

Example 1. Consider the following Fredholm integro-
differential equation. 

 
1

0
( ) ( ) ,

x x
Z x e x xe xZ s ds


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with the initial condition 

(0) 0,Z   

and the exact solution is ( )
x

Z x xe . 
The numerical comparison has been shown in table 1 for 

example 1. 
 

Table 1. Numerical Results of the Example 1. 

x Exact solution VIM Er VIM 

0.1 0.1105170918 0.1105170888 3.00×10−9 

0.2 0.2442805516 0.2442805397 1.19×10−8 

0.3 0.4049576424 0.4049576156 2.68×10−8 

0.4 0.5967298792 0.5967298316 4.76×10−8 

0.5 0.8243606355 0.8243605611 7.44×10−8 

0.6 1.0932712800 1.0932711730 1.07×10−7 

0.7 1.4096268950 1.4096267490 1.46×10−7 

0.8 1.7804327420 1.7804325510 1.91×10−7 

0.9 2.2136428000 2.2136425590 2.41×10−7 

1.0 2.7182818280 2.7182815300 2.98×10−7 

 

Example 2. Consider the following Fredholm 

integro-differential equation. 

1

0
( ) 1 ( ) ,

3

x
Z x xsZ s ds
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with the initial condition 
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(0) 0,Z   

and the exact solution is  

( )Z x x . 

The numerical comparison has been shown in table 2 for 
example 2. 

 

Table 2. Numerical Results of the Example 2. 

x Exact solution      VIM Er VIM 

0.1 0.1000000000 0.0999999205 7.950×10−8 

0.2 0.2000000000 0.1999996821 3.179×10−7 

0.3 0.3000000000 0.2999992847 7.153×10−7 

0.4 0.4000000000 0.3999987284 1.272×10−6 

0.5 0.5000000000 0.4999980132 1.987×10−6 

0.6 0.6000000000 0.5999971390 2.861×10−6 

0.7 0.7000000000 0.6999961058 3.894×10−6 

0.8 0.8000000000 0.7999949137 5.086×10−6 

0.9 0.9000000000 0.8999935627 6.437×10−6 

1.0 1.0000000000 0.9999920527 7.947×10−6 

 

 

5. Conclusion 

We present the variational iteration method for solving 
Fredholm integro-differential equations. From the 

computational viewpoint, the variational iteration method is 
more efficient, convenient and easy to use. The method is very 

powerful and efficient in finding analytical as well as numerical 
solutions for wide classes of linear and nonlinear Fredholm 

integro-differential equations. Moreover, we proved the 
existence and uniqueness results and convergence of the 

solution. The convergence theorem and the numerical results 
establish the precision and efficiency of the proposed technique. 

Acknowledgments 

The authors would like to thank the anonymous reviewers 

and the editor of this journal for their helpful comments and 
valuable suggestions which led to an improved presentation of 

this paper. 

References 

[1] Abbaoui, K. and Cherruault, Y. Convergence of Adomian’s 
method applied to nonlinear equations, Mtath. Comput. 

Modelling, 20(9) (1994), 69–73. 

[2] Abbasbandy, S. and Elyas, S. Application of variational 
iteration method for system of nonlinear Volterra integro-

differential equations, Mathematics and Computational 
Applications, 2(14) (2009), 147–158. 

[3] Adomian, G. A review of the decomposition method in 
applied mathematics, J. Math. Anal. Appl., 135(2) (1988), 

501–544. 

[4] Alao, S. Akinboro1, F. Akinpelu, F. and Oderinu, R. 
Numerical solution of integro-differential equation using 
Adomian decomposition and variational iteration methods, 

IOSR Journal of Mathematics, 10(4) (2014), 18–22. 

[5] Behzadi, S. Abbasbandy, S. Allahviranloo, T. and Yildirim, 
A. Application of homotopy analysis method for solving a 

class of nonlinear Volterra-Fredholm integro-differential 
equations, J. Appl. Anal. Comput. 2(2) (2012), 127–136. 

[6] Hamoud, A.A. and Ghadle, K.P. The combined modified 
Laplace with Adomian decomposition method for solving the 

nonlinear Volterra-Fredholm integro-differential equations, J. 
Korean Soc. Ind. Appl. Math. 21 (2017), 17–28. 

[7] Asemi, R., Mohammadi, A. and Farajpour, A.  A study on the 
nonlinear stability of orthotropic single-layered graphene 

sheet based on nonlocal elasticity theory, Latin American 
Journal of Solids and Structures, 11(9), (2014), 1515–1540. 

[8] Safarabadi, M., Mohammadi, M., Farajpour, A. and Goodarzi, 
M.   Effect of surface energy on the vibration analysis of 
rotating nanobeam, Journal of Solid Mechanics, 7(3), (2015), 

299–311. 

[9] Mohammadi, M.,   Ghayour, M. and   Farajpour, A.  Analysis 
of free vibration sector plate based on elastic medium by using 
new version of differential quadrature method, Journal of 

Solid Mechanics in Engineering, 3(2), (2011), 47–56. 

[10] Goodarzi, M., Mohammadi, M., Farajpour, A. and Khooran, 
M.   Investigation of the effect of pre-stressed on vibration 
frequency of rectangular nanoplate based on a visco-Pasternak 

foundation, Journal of Solid Mechanics, 6 (1), (2014), 98–121. 

[11] Mohammadi, M., Ghayour, M. and Farajpour, A.   Free 
transverse vibration analysis of circular and annular graphene 

sheets with various boundary conditions using the nonlocal 
continuum plate model, Composites Part B: 

Engineering, 45(1), (2013), 32–42. 

[12] Mittal, R. and Nigam, R. Solution of fractional integro-
differential equations by Adomian decomposition method, Int. 
J. Appl. Math. Mech., 4(2) (2008), 87–94. 

[13] Yang, C. and Hou, J. Numerical solution of integro-
differential equations of fractional order by Laplace 

decomposition method, Wseas Trans. Math., 12(12) (2013), 
1173–1183. 

[14] Hamoud, A.A. and Ghadle, K.P. Usage of the homotopy 
analysis method for solving fractional Volterra-Fredholm 
integro-differential equation of the second kind, Tamkang 

Journal of Mathematics, 49(4),   (2018), 301–315. 

[15] Ghadle, K.P., Hamoud, A.A. and Bani Issa M.SH.  A 
comparative study of variational iteration and Adomian 
decomposition techniques for solving Volterra integro-

differential equations, International Journal of Mathematics 
Trends and Technology, ICETST. (2018), 16–21. 

[16] Farajpour, A., Danesh, M. and Mohammadi, M. Buckling 
analysis of variable thickness nanoplates using nonlocal 

continuum mechanics, Physica E: Low-dimensional Systems 
and Nanostructures, 44(3), (2011), 719–727. 

[17] Hamoud, A.A. and Ghadle, K.P. The approximate solutions of 
fractional Volterra-Fredholm integro-differential equations by 



Ahmed A. Hamoud and Kirtiwant P. Ghadle 
 

307 

 

using analytical techniques, Probl. Anal. Issues Anal., 7(25) 

(2018), 41–58. 

[18] Burton, T.A. Integro-differential equations, compact maps, 
positive kernels, and Schaefer’s fixed point theorem, 

Nonlinear Dyn. Syst. Theory, 17(1) (2017), 19–28. 

[19] Burton, T.A. Existence and uniqueness results by progressive 
contractions for integro-differential equations, Nonlinear Dyn. 
Syst. Theory, 16(4) (2016), 366–371. 

[20] Hamoud, A.A. and Ghadle, K.P. The reliable modified of 
Laplace Adomian decomposition method to solve nonlinear 

interval Volterra-Fredholm integral equations, Korean J. 
Math. 25(3) (2017), 323–334. 

[21] Hamoud, A.A. and Ghadle, K.P. Existence and uniqueness 
theorems for fractional Volterra-Fredholm integro-differential 
equations, Int. J. Appl. Math. 31(3) (2018), 333–348. 

[22] Hamoud, A.A. and Ghadle, K.P. Modified Adomian 
decomposition method for solving fuzzy Volterra-Fredholm 

integral equations, J. Indian Math. Soc. 85(1-2) (2018), 52–
69. 

[23] He, J.H. A variational approach to nonlinear problems and its 

application, Mech. Applic. 20(1) (1998), 30–34. 

[24] He, J.H. and Wang, S.Q. Variational iteration method for 
solving integro-differential equations, Phys. Lett. A367 

(2007), 188–191. 

[25] Wazwaz, A.M. A comparison between variational iteration 
method and Adomian decomposition method, Journal of 

Computational and Applied Mathematics, 207 (2007), 129–
136. 

[26] Wazwaz, A.M. The variational iteration method for solving 
linear and non-linear Volterra integral and integro-differential 
equations, Int. J. Comput. Math. 87(5) (2010), 1131–1141. 

[27] Wazwaz, A.M. Linear and Nonlinear Integral Equations 
Methods and Applications, Springer Heidelberg Dordrecht 

London New York, 2011. 

 

  

 


