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Abstract 

This work presents a theoretical investigation on unsteady magnetohydrodynamic 

(MHD) boundary layer flow of Casson nanofluids over a bidirectional stretching 

surface, with an emphasis on double-diffusive heat and mass transfer. To overcome 

the limitation of classical Fourier’s law, the Cattaneo–Christov heat flux model is 

employed to consider thermal relaxation time and finite heat propagation velocity. 

The mathematical model fully couples multiple physical mechanisms including 

thermal radiation, viscous dissipation, porous medium effect, Brownian motion 

and thermophoresis. Based on similarity transformations, the partial differential 

equations governing mass, momentum, energy and concentration are converted 

into a set of coupled ordinary differential equations. The calculated results are 

proven to be reliable through comparison with previous research outcomes. We 

systematically discuss the effects of various dimensionless parameters on flow field, 

temperature field and nanoparticle concentration field. It is observed that 

magnetic field, porosity and unsteadiness suppress flow velocity, while a larger 

Casson parameter enhances fluid movement. Temperature distribution is elevated 

by thermal radiation, viscous dissipation, Brownian motion and thermophoresis, 

and reduced by thermal relaxation. Concentration decreases with increasing 

Schmidt number and Brownian motion parameter, but increases with the rise of 

thermophoresis parameter. Furthermore, the growth of thermophoresis leads to a 

reduction in skin friction coefficient, local Nusselt number and local Sherwood 

number. This research deepens the understanding of multi-physical coupled 

transport in non-Newtonian nanofluids, and the results have broad application 

prospects in biomedical equipment, polymer production, heat exchangers and 

energy engineering. 
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1. Introduction 

The continuous advancement in thermal engineering and fluid mechanics has intensified research into enhanced heat 

and mass transfer mechanisms in complex fluid systems. Conventional heat transfer fluids such as water, oil, and 

ethylene glycol often exhibit limited thermal performance, which restricts their efficiency in modern engineering 

applications. Consequently, considerable attention has been directed toward improving transport phenomena 

through advanced fluid models and non-classical heat transfer theories [1]. Magnetohydrodynamics (MHD), which 

deals with the interaction between electrically conducting fluids and magnetic fields, plays a significant role in 

controlling fluid motion and thermal behavior. The application of an external magnetic field generates a Lorentz 

force that resists the flow, thereby modifying velocity distributions and influencing heat and mass transfer rates. 

This phenomenon has found extensive applications in metallurgical processes, cooling of nuclear reactors, 

geothermal systems, and biomedical engineering [2]. 

Non-Newtonian fluids, particularly Casson fluids, have attracted increasing attention due to their ability to represent 
real-world materials such as blood, printing inks, and polymer suspensions. The Casson fluid model incorporates 

yield stress characteristics, making it suitable for describing fluids that do not flow until a certain stress threshold is 

exceeded. Several studies have shown that the combined effects of yield stress and magnetic fields significantly 

influence boundary layer behavior, shear stress, and thermal transport characteristics [3].  

Mass transfer processes are often influenced by diffusion mechanisms, including concentration gradients and 

temperature-driven transport. Despite extensive research on MHD flows and non-Newtonian fluids, limited attention 

has been given to unsteady Casson fluid flow incorporating the simultaneous effects of magnetic fields, porous 

media, viscous dissipation, thermal radiation, and non-Fourier heat flux models over bidirectional stretching 

surfaces. Furthermore, the coupling between heat and mass transfer under such complex physical conditions remains 

an area requiring deeper investigation. 

Despite the extensive studies available on MHD non-Newtonian fluid flows, limited attention has been devoted to 
the combined effects of unsteady bidirectional stretching, porous medium resistance, viscous dissipation, thermal 

radiation, Brownian motion, thermophoresis, and Cattaneo–Christov heat flux in Casson nanofluids. Moreover, 

analytical investigations involving simultaneous heat and mass transfer under these coupled physical mechanisms 

remain scarce in the literature. To the best of the authors’ knowledge, no comprehensive HAM-based analytical 

study has been reported for unsteady MHD Casson nanofluid flow with double-diffusive transport over a 

bidirectional stretching surface incorporating finite-speed heat propagation effects. 

Motivated by these considerations, the present study examines the unsteady magnetohydrodynamic Casson fluid 

flow over a bidirectional stretching surface, incorporating thermal radiation, viscous dissipation, and double-

diffusive effects within the framework of the Cattaneo–Christov heat flux model. The governing nonlinear partial 

differential equations are transformed into a system of ordinary differential equations using appropriate similarity 

transformations. The resulting system is then solved analytically using the homotopy analysis method (HAM) [4, 5]. 

The outcomes of this study are expected to contribute to improved understanding and optimization of heat and mass 
transfer in advanced engineering systems. 

 

1. Problem Formulation 

We consider an unsteady, two-dimensional magnetohydrodynamic (MHD) flow of a Casson ternary nanofluid 

over a bidirectional stretching surface. The flow is assumed to be incompressible, laminar, and electrically 

conducting. A uniform magnetic field of strength B0 is applied normal to the stretching surface. The induced 

magnetic field is neglected under the assumption of a low magnetic Reynolds number. The physical configuration of 

the flow is illustrated in Fig. 1. The stretching surface is assumed to move in two mutually perpendicular directions 

with velocity components proportional to the spatial coordinates, such that: ,, byvaxu ww ==  where a  and b  

are the stretching rates along the x  - and y  -directions, respectively. The fluid occupies the region 0z , and the 

flow is generated due to the stretching of the surface. The ternary nanofluid is modeled by incorporating three 

different types of nanoparticles dispersed within a base fluid, enhancing thermal conductivity and mass transport 

characteristics. The rheological behavior of the fluid is described using the Casson fluid model, which accounts for 

yield stress effects. Furthermore, the heat transfer mechanism is governed by the Cattaneo–Christov heat flux model, 

which introduces thermal relaxation time to overcome the limitations of the classical Fourier law. 

Under the above assumptions, the governing equations for conservation of mass, momentum, energy, and 

nanoparticle concentration can be written as follows. 
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Here, β is the Casson parameter, σ is electrical conductivity, ρ is fluid density, and Kp is the permeability 

parameter of the porous medium. 

The Energy Equation (Cattaneo–Christov Model); 
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where λ is the thermal relaxation time, and the last terms represent viscous dissipation (Eckert effect) and heat 

source/sink. 

Nanoparticle Concentration Equation 
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where DB and DT denote Brownian motion and thermophoretic diffusion coefficients, respectively. 

Boundary conditions 

At the stretching surface ( :0=z ) 
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At →z  

 ,,,0,0  →→→→ CCTTvu        (7) 

 
Fig.1 Flow Geometry 

The set of appropriate variables are; 
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Here a,b are stretching rates , c is the stretching rate. 
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Incorporating Eq 9. Into Eq.1-8, we get; 
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The transformed Boundary conditions 

At ;0=  
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At ;→  

 0,0,0,0 →→→→ gf       (15) 

The dimensionless emerging factors are defined as follows respectively; 
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Magnetic parameter, Porosity parameter, Unsteadiness parameter, Prandtl number, Radiation parameter, Eckert 

number (viscous dissipation), Brownian motion, Thermophoresis, Thermal relaxation (Cattaneo-Christov) 

A. HAM Formulation 

The Homotopy Analysis Method (HAM) [4, 5] is employed to obtain convergent analytical series solutions of the 

transformed nonlinear ordinary differential equations. Unlike perturbation techniques, HAM does not depend on the 

existence of small or large parameters and provides convergence control through auxiliary parameters 

  ,,, gf  

To apply HAM to Eqs. (10)–(13) with boundary conditions (14)–(15) , we first define suitable initial guesses: 
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These satisfy the conditions; 
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We define linear operators: 

  −=−=−=−= ][,][,][,][ LLgggLfffL gf    (18) 

Zeroth-Order Deformation Equations 

Let ]1,0[p  be the embedding parameter   ,,, gf be convergence- control parameters. 

We define; 
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Boundary Conditions for Deformation 
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Series Expansion 

Assume solutions in power series of p: 
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At :1=p  

 



















+=

+=

+=

+=











=



=



=



=

1

0

1

0

1

0

1

0

)(

)(

)(

)(

m

m

m

m

m

m

m

m

ggg

fff









         (22) 

Differentiating w.r.t p and setting p=0; 
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Where 
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By using the standard HAM auxiliary linear operators, from Eq. (18), the operators are of the form: 
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So their inverse naturally produces exponential solutions; 

 
  −−−− ==−=−=  )(,)(),1()(,1)( 0000 gf     (26) 

First -Order solutions 

From; 
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We obtain; 
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Second-Order solutions 

From; 

 112 ][ RuuL =−          (29) 

We obtain; 
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And the final truncated Second-Order solutions are; 

 













+++++

+++++

+++++−

+++++−

−−−−

−−−−

−−−−

−−−−

























2

54231

2

54231

2

54231

2

54231

)()()(

)()()(

)()()1()(

)()(1)(

DDDDD

CCCCC

BBBBBg

AAAAAf

   (31) 

Where 

All constants: iiii DCBA ,,,  

Depend on; ,,,,,Pr,,,, ScNtNbEcRdSKM p    

B. Quantities of Engineering Interest 
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In this study, the expressions for the skin friction coefficients along the x- and y-directions, as well as the local 

Nusselt number, are adopted from established formulations available in the literature. These quantities, which are of 

significant engineering importance in characterizing shear stress and heat transfer rates, are defined as follows: 
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where 
wx and wy  represent the wall shear stresses in the x- and y-directions, respectively, while 

wq denotes the 

surface heat flux. The mathematical expressions for these physical quantities are adopted from standard 

formulations available in the literature and can be written as follows: 
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Using the similarity transformations, the dimensionless forms of the engineering quantities become; 
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Where xRe and yRe are the local Reynolds numbers defined by 
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4. Results and Discussion 

 

This section provides a comprehensive analysis of the physical behavior of the flow, temperature, and concentration 

fields obtained from the analytical solutions of Eqs. (10)–(13) using the homotopy analysis method (HAM) [4, 5]. 

The nonlinear nature of the governing equations necessitates the use of a robust analytical technique, and HAM 

offers strong convergence control through auxiliary parameters hhh gf ,,  and h . The convergence of the HAM 

series solutions is verified through the h-curves shown in Fig. 2(a–d). The admissible ranges of the auxiliary 

convergence-control parameters are selected such that the obtained solutions remain stable and convergent. The flat 

portions of the h-curves confirm the validity and reliability of the analytical solutions. 

7.03.1,9.06.1,8.05.1 −−−−−− hhh gf and 6.02.1 −− h . 

 

 

Table 1. Validation of the Present Velocity Profiles with Previously Published Results of Ref. [6]. 
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Parameter        Present   Result Ref. [6]  Error (%)  

 )(f        0.9842           0.9837        0.05       

)(g         0.7611           0.7604        0.09       

 

The present results are validated against the published work of [6] by considering appropriate limiting cases of the 

governing parameters, and both the tabulated and graphical comparisons show excellent agreement between the 

present analytical solutions and the existing numerical results. The minor discrepancies observed are attributed to 

truncation effects and numerical approximations associated with the HAM series expansion. This close 

correspondence confirms the validity, convergence, computational accuracy, and reliability of the present model, 

thereby providing confidence in the subsequent physical interpretations of the velocity, temperature, and 

concentration fields [6]. As shown in Fig. 3 and Fig. 4, the velocity profiles for both primary and secondary 

directions are in excellent agreement with earlier work, confirming the accuracy and reliability of the present 

formulation. 
Unless otherwise specified, the following parameter values are used throughout the analysis: 

1.0,2.0,6.0,2.0,1.0,1.0,3.0,2.6Pr,2.0,5.0,1 =========== ScNtNbEcRdSKM p . 

These values are selected based on commonly adopted ranges in the literature for MHD Casson fluid flow and heat 
and mass transfer studies [7]. 

 

4.1 Results of Velocity Profile 

 

Figures 5–8 illustrate the effects of various governing parameters on the velocity distributions in both the primary 

and secondary directions. The behavior of the velocity field is strongly influenced by the interplay of magnetic, 

rheological, and porous medium effects. Fig. 5 shows that an increase in the magnetic parameter (M) leads to a 

significant reduction in both velocity components. This is due to the Lorentz force generated by the applied 

magnetic field, which acts as a resistive force opposing the motion of the electrically conducting fluid. As a result, 

the momentum boundary layer thickness increases, and the fluid velocity decreases. This observation is consistent 

with classical MHD flow behavior reported in the literature [8]. The influence of the Casson parameter is depicted in 

Fig. 6. It is observed that increasing   enhances the velocity profiles. Physically, a higher Casson parameter 

corresponds to a reduction in yield stress, allowing the fluid to overcome resistance more easily and flow more 

rapidly. This trend agrees with previous studies on Casson fluid dynamics, where reduced yield stress leads to 

increased velocity gradients near the wall [9]. Fig. 7 demonstrates the effect of the unsteadiness parameter (S). An 

increase in (S) leads to a decrease in the velocity profiles, indicating that time-dependent effects introduce additional 

resistance to the flow. This reduction in velocity is attributed to the transient nature of the stretching surface, which 

alters the momentum balance within the boundary layer. The effect of the porosity parameter is illustrated in Fig. 8. 

It is observed that increasing in pK  reduces both primary and secondary velocity components. This behavior is due 

to the drag force exerted by the porous medium, which resists fluid motion and dissipates kinetic energy. Similar 

observations have been reported in porous medium flow studies [10]. 

 
4.2 Results of Temperature 

 

Figures 9–14 present the effects of various parameters on the temperature distribution. The temperature field is 

influenced by heat conduction, viscous dissipation, thermal radiation, and non-Fourier heat flux effects. Fig. 9 

illustrates that increasing the thermal relaxation parameter (gamma) leads to a reduction in temperature. This is 

because the Cattaneo–Christov model accounts for finite speed of heat propagation, which delays thermal diffusion 

and reduces heat accumulation within the boundary layer. This behavior is consistent with studies on non-Fourier 

heat conduction models. Fig. 10 shows that the thermophoresis parameter (Nt) increases the temperature profile. 

Thermophoresis induces the movement of species from high-temperature regions to low-temperature regions, 

enhancing thermal energy distribution and thickening the thermal boundary layer. Similar trends have been reported 

in double-diffusive transport studies [11]. The effect of Brownian motion parameter (Nb) is shown in Fig. 11. 
Increasing (Nb) enhances the temperature distribution due to intensified random motion of particles, which increases 

energy transport within the fluid. This phenomenon contributes to higher thermal energy storage within the 

boundary layer. Fig. 12 demonstrates that an increase in the Eckert number (Ec) significantly raises the temperature. 

This is due to viscous dissipation, where mechanical energy is converted into thermal energy, leading to heating of 

the fluid. This effect is particularly important in high-speed flows and has been widely documented in the literature 
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[12]. Fig. 13 shows that increasing the radiation parameter (Rd) enhances the temperature distribution. Thermal 

radiation increases heat transfers within the fluid, thereby elevating the temperature. Finally, Fig. 14 indicates that 

increasing the Prandtl number (Pr) reduces the temperature profile. A higher Prandtl number corresponds to lower 

thermal diffusivity, which results in a thinner thermal boundary layer and reduced heat transfer within the fluid. 

 

4.3 Results of Concentration 

 

Figures 15–17 depict the influence of governing parameters on the concentration distribution. The concentration 

field is primarily governed by mass diffusion, thermophoresis, and Brownian motion effects. Fig. 15 shows that 

increasing the Schmidt number (Sc) decreases the concentration profile. This is because higher Schmidt number 

corresponds to lower mass diffusivity, which reduces the thickness of the concentration boundary layer. This 

behavior is well established in mass transfer theory [13]. Fig. 16 demonstrates that increasing the thermophoresis 
parameter (Nt) enhances the concentration distribution. Thermophoretic forces drive species from hotter to cooler 

regions, increasing concentration levels within the boundary layer. This effect plays a significant role in double-

diffusive convection systems [14]. Fig. 17 illustrates that increasing the Brownian motion parameter (Nb) reduces 

the concentration profile. This occurs because enhanced random motion of particles promotes diffusion and 

dispersion, thereby weakening concentration gradients and reducing concentration levels near the surface. 

 

Table 2; Variation Nusselt, Sherwood Number and Skin Friction at Various Values of (Nt) 

( Nt )      ( xCf )     yCf     xNu    xSh  

0.1       1.018       0.744        1.942     1.612   

 0.2       1.015      0.742        1.865    1.462   

 0.3       1.011        0.739        1.801   1.331   

0.4       1.006        0.735        1.742     1.215   

 

The results in Table 1 indicate that increasing the thermophoresis parameter (Nt) leads to a gradual reduction in the 

skin friction coefficients (C(fx)) and (C(fy)), which can be attributed to the weakening of velocity gradients near the 

wall. Additionally, the Nusselt number (Nux) decreases with increasing (Nt), indicating a reduction in heat transfer 

rate due to the thickening of the thermal boundary layer. 

Similarly, the Sherwood number (Shx) decreases significantly as (Nt) increases, reflecting a reduction in mass 

transfer rate. This behavior is due to the dominance of thermophoretic effects, which reduce concentration gradients 

at the surface. These findings are consistent with previous studies on coupled heat and mass transfer in boundary 

layer flows [15]. 

 

a.       b. 
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c.                                                                                      d. 

Fig. 2. (a)–(d) Convergence of the HAM solution for variations in hhh gf ,,  and h  

 
Fig. 3 Velocity Profile Validation (x- direction)  Fig. 4 Velocity Profile Validation (y- direction)  
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Fig.5 Effect of Magnetic field Parameter on Velocity  Fig.6 Effect of Casson fluid parameter on  

 

       Velocity  

 
Fig.7 Effect of Unsteadiness Parameter on the Velocity  Fig.8 Effect of Porosity Parameter on velocity 
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Fig.9 Effect of Thermal Relaxation Parameter on Temperature      Profile Fig.10 Effect of Thermophoresis 

        Parameter on Temperature Distribution 

 
Fig.11 Effect of Brownian Motion Parameter on Temperature Distribution     Fig.12 Effect of Eckert Number on 

         Temperature Profile 
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Fig.13 Effect of Thermal Radiation Parameter on Temperature Profile          Fig.14 Effect of Prandtl number on 

         Temperature Profile 

 
Fig.15 Effect of Schmidt number on Concentration Profile          Fig.16 Effect of Thermophoresis Parameter on 

        Concentration Profile 
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Fig.17 Effect of Brownian Motion Parameter on Concentration Profile 

 

5. Conclusion 

This study numerically and analytically investigated the unsteady magnetohydrodynamic flow of Casson nanofluid 

over a bidirectional stretching surface, comprehensively considering thermal radiation, viscous dissipation, 

Brownian motion, thermophoresis, porous medium resistance and double-diffusive heat and mass transfer under the 

Cattaneo-Christov heat flux framework. The results reveal that magnetic field, porosity and unsteadiness parameters 

suppress fluid velocity, while the Casson parameter improves flow capacity. Thermal radiation, viscous dissipation, 

Brownian motion and thermophoresis all increase fluid temperature, whereas thermal relaxation time reduces 

temperature distribution. The nanoparticle concentration declines with the growth of Schmidt number and Brownian 

motion parameter but rises with increasing thermophoresis. In addition, higher thermophoresis value leads to the 
decrease of skin friction coefficient, local Nusselt number and local Sherwood number, which means the reduction 

of heat and mass transfer efficiency. 

The proposed theoretical model and research results have considerable practical value, and can be further applied to 

various fields of medicine and mechanical engineering, including magnetic therapy, targeted cardiovascular drug 
delivery [16]. The coupled heat and mass transfer rules of non-Newtonian nanofluids obtained in this work provide 

theoretical support for the design and performance optimization of heat exchangers, electronic chip cooling systems 

and thermal processing equipment [17-19]. The analysis of viscous dissipation, thermal radiation and boundary layer 

characteristics can also guide the research on thermal field distribution of welding and thermal forming processes in 

mechanical manufacturing [20, 21]. Moreover, the parameter sensitivity analysis method adopted in this study is 

applicable to the performance characterization of functional coating materials and fluid flow design of power 

machinery equipment [22-24]. This work further enriches the research system of MHD non-Newtonian fluid flow 

and multi-physical field coupling transport, and offers a reliable theoretical basis for the development of advanced 

thermal management technologies in modern mechanical engineering. 

Several limitations of this research should be noted. This study only adopts a two-dimensional laminar flow 

assumption and ignores induced magnetic field, variable thermophysical properties, nanoparticle aggregation and 

chemical reactions. Furthermore, the analytical solutions are truncated at finite order, which may bring minor 

computational errors. For further research, the present model can be expanded to three-dimensional turbulent flow, 

variable material properties and other non-Newtonian fluid models. Combining intelligent prediction algorithms, 

like the Physics-informed Neural Networks (PINN) [25, 26] to optimize heat and mass transfer performance will 

also be a valuable research direction for subsequent exploration. 
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