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Abstract

The present investigation deals with the effect of variable thermal
conductivity in an isotropic, unbounded and homogeneous thermoelastic
medium under Moore Gibson Thompson (MGT) thermoelasticity theory.
The normal mode analysis technique is applied for obtaining the
displacement, stress, and temperature field. The values of these components
are obtained by simulation technique using MATLAB and are shown
graphically. The results also depict the variations for different theories of
thermoelasticity.
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1. Introduction

The classical Fourier’s law is widely employed by researchers to solve the conventional thermoelastic problems.
But this law predicts infinite velocity of heat wave propagation which is practically impossible. The classical
coupled thermoelasticity(CTE) theory was first introduced by Biot [1]. The first generalization was given by Lord
and Shulman [2] by replacing the classical Fourier’s law with the heat conduction equation

9y .
(1 + ra) G = —kve. (1)

Green and Lindsay [3] derived the second generalization by developing the thermoelastic theory of temperature
rate dependent. Namely, Green and Naghdi [4-6] introduced three versions of thermoelasticity theory termed as GN-
I, GN-II and GN-III. In context of GN-III model, the modified Fourier’s law was defined as:

g = —[kv8 + k*Vv). (2)

But instantaneous propagation of heat waves still exists in this model. Consequently, a modification of this heat
conduction equation was done by introducing a relaxation parameter as:
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—[kVE + k*Vv). (3)

Above equation together with the equation of energy constitutes Moore Gibson Thompson (MGT) equation. A
lot of work has been done in the past based on MGT theory. Authors have solved problems on MGT theory in the
field of thermoelasticity [7-10], thermoelasticity with diffusion [11], non-local micropolar double porous
thermoelastic medium [12], thermos-piezo-electric semiconducting solid [13] and microbeams resonators [14]. Some
more contributors [15-18] in MGT theory of thermoelasticity are acknowledged in the section.

Thermoelastic medium under different theories has been explored by researchers during the last century. Huge
number of problems has been solved and interesting results have been developed [19-22].
The thermal conductivity of an elastic material varies with temperature under exposure to high temperature.
Therefore, the thermal conductivity cannot be treated as constant. So, it is necessary to take variable thermal
conductivity into consideration. Various researchers are continuously working on this concept. The concept of
variable thermal conductivity has attracted the attention of many researchers [23-35] in recent years.

The present paper deals with the effect of variable thermal conductivity in thermoelastic medium subjected
to MGT theory. The authors have obtained the analytical expressions of various thermoelastic parameters using
normal mode analysis. The results are depicted graphically in two and three dimensions to show the effect of
varying thermal conductivity on all considered physical quantities for different theories of thermoelasticity.

2. Basic Equations

The equations governing isotropic and homogenous thermoelastic medium under Moore-Gibson-Thompson
thermoelasticity theory in the absence of body forces and heat sources are given by [10]:

a;;; = Pl (4)
pug i+ (A+ wu;,; — 6,1 = pily, (6)

. AT d o 7]
(k —i—ka)‘? 8= E-I-Tqm (BOows; +pec,b). (7)

From the above set of equations (6) and (7), we can extract the four different theories of thermoelasticity as follows:
(1) For Biot classical model k* =1, =0,

(2) For LS model k* =0,
(3) For Green-Naghdi (Type III) model 7, = 0,

(4) For MGT model k* # 0,7, #= 0.

3. Formulation of the problem Structure

We consider that medium to be parallel to ¥ — ¥ plane with ¥ axis pointing vertically downwards, so the
displacement vector has two components for the plane strain problem i.e % = (u, v, 0) where both u and v are
functions of x, ¥, and t. Therefore, for two-dimensional problem above equations (4) to (7) can be expressed as:
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(42 )6‘2 a%u Gy aZv a0 a%u o
T gttt Ut g P =P (8)
a2y 9%y %y 36 3%

(A+2,u) +”az+('1+“)axay ,6’31} Patz’ (9)

. k& a2 a2 - d 0 Em av a8 10
( + 5‘t) aztay2)?= E”f@ ﬁﬂa E+ay) Pevge| (10)

It is assumed that the thermal and mechanical properties vary with temperature. Therefore, thermal conductivity
k may be treated as a function dependent on temperature [15] and is written as:

k(8) = k(14 ki6). (11)
We consider the following mapping [15]:

. 1 8
= fo K(E)de. (12)

The dimensionless quantities defined below are introduced to felicitate the convenience of numerical
calculations:

r x ’ y 1 u r v t t a a. T '
coty’”  Coto’ Coty’ Coto ty O =guoy=_"tg=1. (13
0 H to
A+2
where, ¢2 = —F
o

Now using equations (11) to (13) in equations (8) to (10), the following equations in dimensionless form are
obtained (on removing the primes):

a2 g2 82 3%y ad
(E+A1W—F)u+lqzm—,qga=o, (14)
a2 9 92 9%u ad

(Alm+ﬁ—ﬁ>v+lqzm—,qgﬁ=o, (15)

k 6‘2 a2 1k afa* a2 P ﬂaé ﬂqé_
2\az T 5y ) tg\ae T e2)? et Tt T
d? jdu v a* fou  dv
ea22(5x * o) + Te025 (57 * ) (16)
where values of arbitrary constants are given in appendix.

4. Solution Methodology

Since we have considered the propagation of waves parallel to Xy - plane therefore the solution of the variables
may be considered in terms of modes and is written as:

{u,v,8} = {w, v, 6 Y y)ewr+io, (17)

where @ is the complex time constant and @ is the wave number in the X -direction.

Using (17) in (14) to (16), we get the following equations:
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[4,D% + B, Ju + iaA,Dv* — iad,6° =0, (18)
iad,Du’ + [D? 4 B,]v* — A,D6* =0, (19)
iaBsu® + BsDv* — [B,D% — B;]6* = 0. (20)

Three coupled equations (18), (19) and (20) in terms of u", 1" and 6 are obtained.
On solving these equations, we obtain a differential equation of order six given by,

[E,D® 4+ E,D*+ E;D? + E,]8" = 0. (21)

The solution of above equations satisfying the radiation conditions u*, v*,8* = 0asy — oo can be expressed as:

3

Z - exp(— (22)

=1
3
vt = G; exp{—?}y}, (23)
=1
3
g = Z H; exp{ rv} (24)
=1

where ?}2 are roots of auxiliary equation of (21).

Further, the constants are related by the following relations:

F;=X;H;,G; =YH, (j = 123)

Also, the values of X;,¥; are mentioned in Appendix.

5. Boundary Conditions

For obtaining the values of constants Hj, the following boundary conditions are used:

1. A mechanical force Fexp {wt + iax} is applied at the free surface x = 0 along the normal direction.
J_v_v — _FecaHz'a.J;_ (25)

2. Further the free surface x = 0 is free from tangential stress.
g,,=0. (26)

3. The insulated free surface is considered.
08 =0 27

Using (17), (22)-(24) in the above boundary conditions, we get a non-homogenous system of three equations.
This system is solved by simulation technique using MATLAB software to find the values of unknown parameters.

6. Numerical Computation and Discussion

For proving the effect of thermal conductivity on various physical quantities, we take the example of copper [10].
The physical constants involved in this problem can be taken as follows:
A=776x10%gm 572, u =3.86 x 10'°kgm™ 5s72,p = 8954Kgm~3,C, =
383.1JKg~! K™ k; = 386Wm™' K1, k* = 5930.38 x 10'°Wm* K151
ky =Lk, =1F=(3A+2u)a,a=178 x107°K~1,0, = 293K,7, = 0.01
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All calculations are performed for t = 1,wy; = —2.5,& = 1, where w = @y + if at the surface x = 1. The
variations in considered physical quantities are studied for the above numerical values against horizontal distance ¥
under Biot model, LS model, GN-III model and MGT Model depicted graphically in two and three dimensions.

Figure 1 shows variation of tangential displacement with horizontal distance. The values of tangential
displacement coincide for all models discussed above subjected to constant thermal conductivity Ki = 0. But when
thermal conductivity is varied to Ki = —2, the variation of tangential displacement coincides for MGT and LS
model and attains its maximum value near the interface ¥ = 0. Also, the value of tangential displacement for both
the models decreases as horizontal distance increases. But reverse pattern is observed in case of Biot model. Further
in case of GN-III theory, the value of tangential displacement does not vary with horizontal distance.

Figure 2 shows variation of normal displacement with horizontal distance. The values of normal displacement
increase exponentially for all models subjected to constant thermal conductivity K5 = 0. But when thermal
conductivity is varied to Ki = —2, the normal displacement for MGT and LS model first decreases in range
0 < y = 0.5 and then becomes constant. The value of normal displacement does not vary with horizontal distance
for Biot model and GN-IIT model for K5 = —2.

Figure 3 shows variation of tangential stress with horizontal distance. The values of tangential stress coincide for
all models in case of constant thermal conductivity K§ = 0 and GN-III model in case Ki = —2. But the tangential
stress follows a bell shape variation in case Ki = —2 for MGT and LS model.Further in case of Biot model, the
value of tangential stress first decreases when horizontal distance lies in range 0 = y = 0.25 and then increases
sharply as horizontal distance increases.

Figure 4 shows variation of normal stress with horizontal distance. The values of normal stress first decrease in
range 0 = ¥ = 0.5 for all models and then became constant in case of constant thermal conductivity K = 0. In case
of variable thermal conductivity, the behaviour of normal stress coincides for MGT and LS model. There is no
variation in normal stress with horizontal distance in case of Biot model and GN-III model.

Figure 5 shows variation of temperature with horizontal distance. The values of temperature increase
exponentially for Biot and LS model for Ki = 0. Also, the values of temperature increase with horizontal distance

for MGT and GN-III model. But when thermal conductivity is varied to Ki = —2, the variation in temperature
coincides for all model and is constant with horizontal distance for K = —2.
Figures 6 to 10 gives the three-dimensional views of all field quantities for K5 = —2. These figures are helpful

in finding the exact values of all quantities for different values of & and ¥ coordinates.
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Figure 1: UL vs ¥
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7. Conclusions

On the basis of the above numerical discussion, the following conclusions can be drawn:

1. There is an appreciable effect of varying thermal conductivity on all field quantities.

2. For constant thermal conductivity, tangential displacement is identical across all models. For variable
thermal conductivity, MGT and LS models show coinciding tangential displacement, peaking near the

interface, and decreasing with horizontal distance.

3. The variation of all considered physical quantities coincides for MGT and LS model in constant as

well as variable therrmal conductivity.

4. Normal displacement increases exponentially for all models in case of constant thermal conductivity.

5. Normal force stress shows identical behavior for MGT and LS models whereas there is no variation for

Biot and GN-III models in case of variable conductivity.

Appendix

2 A+2u kg K B _u _ A+p
2= =" =" _g,=r a4 =% 4, =
U,c;e p Y paelts’ 2 pgel’ P gt pd' TR ok
—_ o]

Ay = P?,Bl =—(a*+ w?),B; = —(a®4; + w?),B; = 1+ 1,w,B, = k; + kjw
0
_ Lar*+ Ly + Ls _ Cati— L,
P Lgrt+ Lyt Ly Y Gty

(j=123)
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