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Abstract

This study investigates the magnetohydrodynamic (MHD) flow of a micropolar
fluid over an exponentially extended stretching curved surface. The boundary
layer flow along with temperature-dependent thermal conductivity is also
taken into account. The Cattaneo-Christov heat flux model is used for energy
equation. The curvilinear coordinates are used in the formation of flow
equations. The governing non-linear partial differential equations (PDEs) are
transformed into coupled non-linear ordinary different equations (ODEs) by
appropriate transformations. The resulting ODEs are solved numerically using
the ND-solve method in Mathematica. Graphs are plotted to explore the impacts
of key parameters on microrotation, temperature, and velocity. Results show that
increasing curvature leads to higher velocity and lower temperature, with
potential applications in polymer processing and waste treatment. A comparison
has been made with the existing literature as a limited case of present study to
validate the results.

Keywords: Cattaneo-Christov Heat Transfer; Variable Thermal Conductivity; Curved Stretching
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1. Introduction

Non-Newtonian fluids have a vast number of applications in engineering and industrial purposes because of their
complex and nonlinear equations [1-8]. These fluids will not be described by a single relation. Eringen proposed the
theory of non-Newtonian fluid known as micropolar fluid [9-11]. The behavior of this fluid is completely dissimilar from
other non-Newtonian fluids because it shows microscopic properties [12]. The micropolar fluid considered the rotation of
the fluid, which is represented by microrotation property. It has a wide variety of applications in blood flow, liquid
composite modeling, polymer melts, liquid crystals, and suspensions. A lot of researchers have worked on solving these
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governing equations of micropolar fluid in different coordinates. Turkyilmazoglu [13] has examined the micropolar fluid
on an extended sheet. Zadeh et al. [14] has described numerically the movement of nanofluid and heat transfer over the
stretching sheet, which is influenced by microorganisms. Ahmed et al. [15] has studied micropolar fluid flowing through a
hollow cylinder with mixed convection. Elgazery and Nasser [16] have examined the micropolar nanofluid flow through a
cylinder which is placed horizontally.

The flow of liquid over a curved sheet has fascinated many researchers due to its wide range of applications in designs of
aerofoils to reduce the drag force in vehicles, in the construction of dams, bridges, and pipelines, and also in biomedical
and chemical engineering. Ghobadi and Muzychka [17] have extended the work on motion of Newtonian liquid in coiled,
circular curved tubes under the impact of pressure drop relations. Khan et al. [18] have inspected the transformed
equations of micropolar fluid with modified Fourier law flowing in curved channel. Muhammad et al. [19] investigated
the flow of Darcy—Forchheimer Newtonian liquid in an exponentially extended curved surface. Kempannagari et al. [20]
examined the stagnation point motion of non-Newtonian liquid over a curved surface, which is also extended
exponentially. Shi et al. [21] numerically described the micropolar fluid moving in an exponentially extended curved
surface using the Keller box method. Kumar et al. [22] investigated the free convective stagnation motion of non-
Newtonian fluid in a curved surface that is extended exponentially.

The thermal conductivity of various fluids is assumed to be constant. However, this assumption fails to give a realistic
understanding of when internal resistance generates heat in many industrial operations. In these industrial processes,
physical phenomena like thermal conductivity, which are primarily exploited in the lubrication theory used in fluid
bearing design, significantly alter the temperature difference [23-26]. The temperature-dependent conductivity connection
was used by several scientists for product refinement, including in viscometer and wear, for instance, Megahed et al. [27]
deliberated the flow of an unsteady viscous fluid with thermal and variable fluid properties. Khan et al. [28] discussed the
effect of an induced magnetic field on second grade fluid under the impact of variable thermal conductivity. Moreover,
the Cattaneo-Christov heat flux model is particularly relevant when considering situations where heat transfer is rapid or
the material has a significant thermal relaxation time [29, 30]. Furthermore, the effects of MHD on micropolar fluids
significantly influence flow characteristics, heat transfer, and related phenomena. MHD introduces a Lorentz force, which
can either enhance or oppose the fluid motion depending on the magnetic field strength and orientation. In micropolar
fluids, the presence of micro-rotation adds another layer of complexity, affecting the overall behavior under MHD
influence. In addition, MHD with thermal conductivity interact to influence fluid flow and heat transfer in various
applications [31-33]. The interplay of these factors is crucial in areas like heat exchangers, nuclear reactors, and even space
physics.

Based on the literature reviewed, no existing literature discussed the micropolar MHD fluid over an exponentially
extended curved surface with viscous dissipation and variable thermal conductivity with Cattaneo-Christov heat flux
model. The curvilinear coordinates are used in mathematical equations and the formation of flow equations. An
appropriate transformation is first used to convert the nonlinear governing partial differential equations into non-linear
ordinary differential equations and are then solved by the ND-solver command to get their solutions. Graphical
illustration is presented to examine the role of significant parameters. A comparison has been made with the existing
literature as a limited case of present study to validate the results and found in good agreement.

2. Mathematical Formulation

Consider the steady and incompressible micropolar ﬂl%sid flow over a curved sheet which is an exponentially stretching.
The sheet is stretching with velocity IL“.(S') = qed along the = -direction, (&, d = 0) where reference length is
represented by @ and o is the initial stretching rate. Consider the curvilinear coordinate system (T, 5), with T"-axis
perpendicular and 5-axis in the direction of flow. Let R® represent the radius of a circle. Consider the constant magnetic
field ED, which is applied in " direction. Let us assume the temperature distribution T’ = T[T",S) and velocity

distribution ¥ = [v(r, 5), u(r, 5)]. The temperature of the surface is T}, where T},, = T, the ambient temperature
of the fluid.
The governing equations of the fluid and energy, based on boundary layer approximations are as given below:
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Fig. 1: The geometry of the problem.

The components of corresponding velocities is represented as (14, 77) in direction (5, 7) respectively. Likewise pressure
is represented by P, p represents density, electrical conductivity is represented by o, L shows viscosity, N is

microrotation parameter, €, is heat capacitance, |’ is kinematic viscosity, J is micro-inertia , k is vortex viscosity,

k . - o . _ 2dv S
£E= (|.1 + :) = uj (l + g) is spin gradient viscosity where ] = —E-, thermal relaxation time is denoted by A.

wed

The variable thermal conductivity is defined as below:

K(T)=k_[14+(T-T,)] (6)
In which € is constant that varies according to nature of fluid, k. the ambient thermal conductivity and B the material

parameter. The term & ' represents a heat sink/source which as non-uniform is explained in the following equation:

q* = K(Tu, 7~ (A(T,, —T.)f +B(T - T..)). ()
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If the variables 4, B = 0 shows that heat is rising and A, B < 0 shows that heat is reducing.

The boundary conditions are given as

= du
T=T,. u=u,l(s) =aed ’N:_M"S_’UZD’ at r=20,
r
r,—:-ljla - 0N—=0T—=T,_, as r—0o )

where M., 0 = M_ < 1 shows the microrotation parameter. As microelements of the fluid

cannot spin near the wall because the concentration of fluid is very high so M,. = 0.
3. Solution Methodology

In view of the following transformations
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|aed :
Pr="'% 0= (SR, M= ﬂf-d’ g —E’ y =2a, E=¢(T, —T.), (14)
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In which M is the magnetic field, € is the thermal conductivity parameter, Pt is the Prandtl number, &3 is the curvature
factor, }9 is the material parameter, and ¥ is the thermal relaxation time.

The boundary condition can be written as

f(0)=0,6'(0) = —Bi(1 —0(0)).f'(0) = 1,9(0) = —M,f"(0),

f'(e) =0, 8(0)—=0, f'(0) =0, g(eo) =0, (15)
where
Bi = g (16)

where I is heat transfer, B1 is Biot number.

After eliminating the pressure term from Eqs. (10) and (11), we get
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The skin friction, couple stress, and Nusselt number are given as:

N M, ¥
C,=—%  (C.=—% Nyu=—3w 18
P R T W oo (T —Too) (18)

Eq. (18) in non-dimensional form can be written as:
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where Re = u"'}ﬂ is Reynolds number.
4. Result and Discussion

This research investigates the impact of various parameters on a magnetohydrodynamic (MHD) micropolar fluid flow,
specifically focusing on the role of variable thermal conductivity and the Cattaneo-Christov heat flux model over an
exponentially extended curved stretching surface. The study uses graphical illustrations to analyze the effects of key
parameters on velocity, temperature, and other relevant flow characteristics. These graphical representations help
visualize the influence of parameters like the magnetic field, thermal relaxation time, and the nature of the stretching

surface on the fluid's behaviour. The effect of magnetic field M on velocity distribution f ! (?.'r] is shown in Fig. 2. It is
observed that when value of the M rises, the velocity is reduced. It is because of magnetic force which produces the
resistance in the direction of flow. Fig. 3 describes the influence of microrotation parameter M, on the velocity
distribution £ (77). It is noted that the velocity decreases by increasing values of M. . Fig. 4 describes the influence of

material parameter B on the velocity distribution f "(71), which shows that by increasing B, the velocity also increases. It
is in accordance with the physical expectation because 3 is inversely proportional to viscosity, as viscosity decreases, the
thickness of the boundary layer also decreases. Fig. 5 portrays the influence of curvature ® on velocity f (7). 1t is noted
that by raising the curvature values, the velocity also grows because the radius of the exponential surface expands, which
causes an increase in velocity. To show the influence of magnetic force on microrotation Fig. 6 is generated, which shows
that when the values of M is enhanced then the microrotation distribution g(n) decreases. It is due to the Lorentz force
caused by magnetic field, which produces disturbance in the flow. Fig. 7 depicts the effects of microrotation parameter
M on g(n). It is perceived that when values of M. increases, the microrotation distribution also rises. In Fig. 8, the
effects of material parameter B on microrotation has been displayed. It is seen that as B increases, g(n) also increases. The
reason for this is that boundary layer thickness declines as viscosity decreases because [ and viscosity are inversely

proportional. Fig. 9 describes the effects of magnetic parameter M on 6(n). It is observed that the temperature rises for

increasing values of magnetic parameter M . Fig. 10 describes how the Prandtl number affects the temperature
distribution. The temperature decreases for rising values of Pr. Basically, Pr is the ratio between thermal diffusivity and
momentum diffusivity, consequently the temperature and the boundary layer thickness both reduce when Pr increases.
Fig. 11 shows how an increase in B values affects temperature 8(n). It is perceived that the temperature rises due to the
presence of irregular heat component. Fig. 12 is plotted to show the impact of curvature ® on the temperature 6(n)). The
temperature decreases when curvature values rises because the radius of the exponential surface increases, as a matter of
facts, the temperature distribution reduces. The impact of thermal conductivity € on the temperature is shown Fig. 13. It is
noticed that when thermal conductivity increases, temperature also rises.

Tables 1 and 2 analyze the numerical results of skin friction and couple stress for various values of M, ®, and . From
Table 1, it is clear that skin friction reduces by increasing the value of curvature, whereas as reverse impact is observed
for rising values of M and f, that is skin friction increases. In Table 2, it is found that the couple stress coefficient
increases when values of M and f rise, o is fixed. Table 3 illustrates the rate at which heat transfer increases with rising
values of Pr and y. Table 4 shows the comparison of skin friction of the existing work with Alqgahtani et al. [35] and
found in good agreement.
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Fig 2: Velocity for several values of M.
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Fig 3: Velocity for several values of M r
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Fig 4: Velocity for several values of f.
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Fig 5: Velocity for several values of curvature.

0.30}
0.25}
= 0.20F
= 0.15}
0.10f
0.05}
0.00¢, \ . . .

M =04 0.55 0.6

Fig 6: Effect of M on microrotation.
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Fig 7: Effect of MF‘ on microrotation.
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Fig 8: Effect of p on micro rotation.
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Fig 10: Temperature for several values of Pr.
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Fig 12: Temperature for several values of curvature ®.
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Fig 13: Temperature for several values of thermal conductivity parameter.

1

Table 1: Value of —Rezﬁ'fwhen Pr=3 and y=0.7

B M 1
—Rez E_f
1.5 0. 0.9 0.74651
6
1.8 0.65943
0.5 0.58972
1.8 0. 0.5 0.45853
5
0. 0.63018
6
0. 0.78699
9
1.8 0. 0.9 0.65943
6
1.1 0.70581
1.6 0.73219
5. Conclusions
Key points of this investigation include:
> Increasing the magnetohydrodynamic (MHD) leads to a decrease in fluid velocity and microrotation distribution,

while the temperature profile increases. This is because the Lorentz force, generated by the magnetic field, opposes the
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fluid motion, thus reducing velocity. The increased temperature is a result of the energy dissipation caused by the Lorentz
force and the magnetic field.

> Increasing the Prandtl number in a fluid flow leads to a reduction in the temperature profile. This is because a
higher Prandtl number indicates a fluid with a lower thermal diffusivity, meaning heat diffuses more slowly compared to
momentum. Consequently, the thermal boundary layer, which is the region where temperature changes significantly,
becomes thinner, resulting in a lower overall temperature distribution.

> Increasing the material parameter leads to a decrease in fluid velocity while causing an increase in microrotation.
This behavior is attributed to the relationship between the material parameter and the fluid's microstructure, where a
higher material parameter implies a greater resistance to deformation and thus a reduction in overall flow speed.
Conversely, the increased resistance is due to the material parameter also enhances the microrotation, which represents
the local angular momentum of the fluid particles.

> It is observed that as the curvature parameter increases, the velocity profile tends to increase, while the
temperature decreases. This is because a higher curvature parameter reduces the contact surface area, leading to less
resistance to fluid flow and thus increasing velocity. Simultaneously, the increased flow velocity leads to a decrease in
temperature due to the reduced viscous dissipation.

Table 2: Value of couple stress when o=1.

B M ResCm
0.4 0.5 0.01343
0.6 0.01368
1.2 0.01881
0.9 0.7 0.01767
0.8 0.01838
0.9 0.01904

Table 3: Value of heat Transfer rate when =1 and =0.

Y Pr -8'0
0.1 3 0.134224
0.15 0.14618
0.2 0.15352
0.1 1 0.31660
1.5 0.48672

2 0.57226
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Table 4: Comparison of skin friction of the present work with published work.

B Alqahtani et al. [34] Present Study
0.5 1.52075 1.52054
1 1.45782 1.45745
1.5 1.42466 1.42479
2 1.41392 1.41368
2.5 1.30860 1.30852
3 1.30558 1.30565
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