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Abstract

This study looks at how to solve the two-dimensional Poisson equation, a math
problem common in physics and engineering. We focus on spectral methods,
which are good at solving problems with smooth solutions. We introduce a
spectral Galerkin method that uses tensor products of modified shifted Lucas
polynomials. These polynomials haven’t been used this way before. By adding
a factor of x(1 — x) to the Lucas polynomials, our method automatically
meets certain boundary conditions, which makes it easier to use while keeping
its accuracy. Our goal is to create and test this method for solving the Poisson
equation on a square. We create fast algorithms for putting together matrices
and study how well the method converges using math and computer
experiments. The tests show that our method has similar convergence rates to
other methods like Chebyshev and Legendre. The errors go down
exponentially for smooth source terms. The method is efficient and has good
conditioning, which suggests that Lucas polynomials could be a good
alternative to regular polynomials in spectral methods. This research could
lead to using Lucas polynomial-based spectral methods for more general
problems.

Keywords: Spectral Methods; Galerkin Method; Spectral Galerkin Method; Lucas Polynomials; Poisson
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1. Introduction

For decades, computational mathematics has advanced the creation of precise numerical methods for partial
differential equations. Spectral methods are useful, especially when accuracy is critical and solutions are smooth.
These methods offer spectral accuracy—fast convergence for smooth problems—unlike finite difference or finite
element methods [1, 2].

Spectral methods use smooth basis functions to represent solutions instead of local approximations. For u(x, y)
on domain (), approximations look like:
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N
w6y = un(6y) = )y W), (1)

{,j=0

where W;; are basis functions (orthogonal polynomials or trigonometric functions, etc) and y;; are coefficients. Basis
function selection is important. Typical choices are Chebyshev and Legendre polynomials [3, 4].

Gottlieb and Orszag’s 1977 work [5] made spectral methods common in computing. Since then, the area has grown,
with uses in fluid dynamics, quantum mechanics, meteorology, and other fields needing accuracy [6]. Fast transform
methods, like the Fast Fourier Transform, have made these methods competitive.

Among spectral methods, the Galerkin approach is important. It uses a variational form: the differential equation’s
residual is orthogonal to the basis functions’ space. This weak form keeps the continuous problem’s structure—
symmetry, conservation—making it good for elliptic problems [7, 8]. For tensor-product domains, tensor-product basis
functions can make computations quick, turning an O (N*) problem in 2D into O(N?3) operations [9, 10].

1.1. The Poisson Equation

The Poisson equation is key in mathematical physics. Its use in electrostatics, heat conduction, and fluid flow makes
it a starting point for numerical methods. In 2D with Dirichlet boundary conditions, it is:

—Viu(x,y) = f(x,y) inQ, u(x,y)=0 on dQ, )
where V2 is the Laplacian, u is the unknown, and f is the source.

This equation’s numerical solution has a history. Finite difference methods are popular because they are simple
[11]. Finite element methods are used for complex domains [12]. For simple domains with smooth solutions, spectral
methods are best. They can reach machine precision with few degrees of freedom, needing fewer mesh elements than
other methods [13, 14].

Applying spectral methods to boundary value problems involves treating boundary conditions. Methods include
the tau method, penalty methods, and basis functions satisfying the boundary conditions [15, 16]. We use the last,
changing the polynomial basis to vanish at boundaries and satisfy Dirichlet conditions. This is simple and useful [17,
18].

1.2. Lucas Polynomials

Lucas polynomials are a specific type of special polynomial. Named after Edouard Lucas (1842-1891), they appear
in math, from number theory to combinatorics. They follow the recurrence:

Lo(x) =2, Li(x) =% Lny1(x) = xLy(x) + L1 (%) (3)

Computationally, Lucas polynomials relate to Chebyshev polynomials. L, (x) = 2U,_;(x/2), where U, is the
Chebyshev polynomial of the second kind. This means Lucas polynomials might have good approximation
properties like Chebyshev polynomials [19, 20].

While Lucas polynomials are used in math, they are not often used in spectral methods. Recent work uses them
for fractional differential equations. Abd-Elhameed and Youssri [21, 22] made operational matrices for Lucas
polynomials and applied them to fractional problems. They have been used on electrohydrodynamics problems [23]
and Burgers equations [24]. Their use in spectral Galerkin methods for elliptic PDEs is not well-studied, so we will
study them.

We use shifted Lucas polynomials, with x = 2t — 1:
L) = L,(2t = 1), (4

mapping [—1,1] to [0,1]. For Dirichlet boundary conditions, we use Shen’s approach (Shen 1994) and define
modified shifted Lucas polynomials:

$n(t) = t(1 = ) L5(2). ()
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This makes ¢,,(0) = ¢,,(1) = 0 for all n, satisfying boundary conditions and keeping the polynomials’
approximation properties.

1.3. Objectives and Contributions

This study aims to create and test a spectral Galerkin method for solving the two-dimensional Poisson equation. This
method is based on adjusted shifted Lucas polynomials and uses homogeneous Dirichlet boundary conditions.
People have studied this problem a lot. But, finding new polynomial bases for spectral methods is still an active
research area. Different polynomial families may have different calculation benefits. Lucas polynomials have a
simple three-term recurrence relation and a link to Chebyshev polynomials of the second kind. This could lead to
advantages that need a close look.

Our main contributions are:

First, we build a full spectral Galerkin system using tensor products of adjusted shifted Lucas polynomials. This
involves creating proper basis functions that meet the boundary conditions. We also form the weak problem and build
the resulting discrete linear system. As far as we know, this is the first time Lucas polynomials have been used as
basis functions for elliptic boundary value problems in a spectral Galerkin setting.

Second, we create quick algorithms to calculate the stiffness and mass matrices in our system. By using the tensor-
product structure of the two-dimensional basis and the three-term recurrence relation of Lucas polynomials, the
calculation complexity is close to common spectral methods using standard orthogonal polynomials.

Third, we give a careful error analysis that shows our method converges at the best speed. The analysis gives clear
limits on the expansion coefficients, truncation errors, and total residual error. It shows that the method reaches
spectral accuracy for smooth solutions. The theory follows standard methods, but we pay attention to the specific
features of the adjusted Lucas polynomial basis.

Finally, we check our theoretical results with thorough numerical tests. These tests use standard problems with
known solutions. This lets us confirm the predicted convergence rates and see how well the method performs in
practice, looking at accuracy and calculation speed.

The rest of this paper is set up as follows. Section 2 gives important background, like definitions from functional
analysis and key things about standard and shifted Lucas polynomials. Section 3 creates the math system, building
our spectral basis and forming the weak Galerkin system. Section 4 details the numerical solution scheme, including
how to put together the matrix and carry out the steps. Section 5 gives the theoretical error analysis, setting limits on
coefficients, truncation errors, and residuals. Section 6 gives examples that show how well the method works. Section
7 gives final thoughts and possible future research directions.

We hope this study helps spectral methods grow by showing that Lucas polynomials can be good basis functions
for elliptic PDEs. We focus on the model Poisson problem in this paper. But, the methods we develop should work
for a wider range of problems. We plan to study this in the future.

2. Essential Preliminaries

2.1. Preliminary Definitions and Analysis Foundations

Definition 1 (L2(Q) Space). Space of square-integrable functions:

1/2
@) ={v:0->RIIvIzg<o) [vizg= (ﬂ | v|2dQ> : (6)
Q

Equipped with inner product (u, v),2 = [[, uvdQ.
Definition 2 (H*(Q) Space). Sobolev space of functions with square-integrable first derivatives:

H'(Q) ={v e [*(Q) | 0,v,0,v € L*(V)}, 7

where derivatives are weak derivatives.
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Definition 3 (H2(Q) Space). Subspace of H!(Q) with vanishing trace on 9Q:

Hy(Q) = {v € H'(Q) | v|sq = O} ®
2.2. Some Properties of the Standard and Shifted Lucas polynomials
2.2.1. Standard Lucas Polynomials

Definition 4. The Lucas polynomials {L, (x)}5=, are defined in (Bergum and Jr. 1974) by the recurrence:

Lo(x) =2,

Li(x) =x, €)
Lo(x) =xLp_1(x) +L,_»(x), n=2.

Binet’s formula for the Lucas polynomials L, (x) is given by [22]:

Ly(x) = a()™ + B()" (10)
Where:
x+VxZ+4 x—VxZ+4
a() =———— and B =—"7—— (11)

and also have the following explicit power form representation [21]:

[n/2] ( k- 1)
- Nk ok
Ln(X) =n mx" (12)
k=0
2.2.2. Shifted Lucas Polynomials to [0,1]
Definition 5. The shifted Lucas polynomials {L, (x)},=, are defined by the affine transformation:
L5(x)=L,(2x—1), x€][01]. (13)
With Recurrence Relation:
o(x) =2,
Li(x)=2x—-1, (14)

L5(x) =QRx—1DL_1(x) + L5 _,(x), n=2.

3. Mathematical Formulation

We consider the two-dimensional Poisson equation with homogeneous Dirichlet boundary conditions on the unit
square (0 = (0,1) x (0,1). This classical elliptic boundary value problem seeks a function u: Q — R satisfying

—Vzu(x,y) = f(x,y) in Q;
u(x,y)=0 on 01, (15)

where V2= 92/ 0x? + 32/ 0y? denotes the Laplace operator and f: Q — R is a prescribed source term. The choice
of the unit square as our computational domain, while seemingly restrictive, allows us to fully exploit the tensor-
product structure of our proposed spectral basis while maintaining sufficient generality for theoretical analysis and
numerical validation.

To ensure well-posedness of the problem and optimal convergence of our spectral approximation, we assume that
the source term satisfies f € L?(€), implying Il f ll;2(q)< . While classical solutions require u € C*(Q) N C °(q),
our variational formulation naturally seeks solutions in the Sobolev space H3(Q), which consists of functions in
H'(Q) that vanish on the boundary in the trace sense. This weak formulation not only relaxes the regularity
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requirements but also provides the natural setting for our Galerkin spectral method. In what follows, we develop a
spectral approximation scheme based on modified shifted Lucas polynomials that automatically incorporates the
boundary conditions.

3.1. Spectral Basis Construction

The cornerstone of our numerical scheme is the construction of appropriate basis functions that combine the
favorable properties of Lucas polynomials with automatic satisfaction of the boundary conditions. We begin with
the shifted Lucas polynomials L3, (x) on [0,1], obtained from the standard Lucas polynomials through the
transformation x = 2x — 1. Since these polynomials do not inherently vanish at the boundaries, we introduce the
modified shifted Lucas polynomials

Or(x) =x(1—x)L3(x), k=012,.. (16)

The multiplication by the factor x(1 — x) ensures that ¢, (0) = ¢, (1) = 0 for all k, thereby guaranteeing that any
linear combination of these functions satisfies the homogeneous Dirichlet boundary conditions. These modified
basis functions inherit several desirable properties: they belong to C*[0,1] N H3(0,1), form a complete set in
H3(0,1), and remain linearly independent since deg(¢,) = k + 2. Moreover, they satisfy the computationally
efficient recurrence relation

G (x) = (2x = Dppe—1(0) + P2 (x), k=2, (17)
with initial conditions ¢ (x) = 2x(1 — x) and ¢; (x) = x(1 — x)(2x — 1).

For the two-dimensional problem, we employ a tensor-product approach, defining the finite-dimensional
approximation space

Vy = span{®;;(x,y) = ¢;(x)¢;(¥):i,j = 0,1,...,N} € Hi (D). (18)

This space has dimension (N + 1)?, and each basis function ®; ; automatically vanishes on the entire boundary 9
due to the properties of the one-dimensional basis functions. The approximate solution is then sought in the form

N N
u(6y) = D) ey $i)d; ), (19)

i=0 j=0

where the coefficients {c;;} are to be determined through the Galerkin procedure described in the following
subsection.

3.2. Weak Formulation and Galerkin Method

To develop our spectral Galerkin scheme, we first derive the weak formulation of the Poisson equation. Rather than
working directly with the second-order differential operator in the strong form, we employ Green’s identity to
reduce the regularity requirements and obtain a symmetric variational problem [25, 26]. This approach not only
relaxes the smoothness demands on the solution but also leads to a symmetric stiffness matrix, enabling the use of
efficient linear solvers optimized for symmetric positive-definite systems [27, 28]. The variational formulation is
fundamental to modern numerical methods for PDEs [29], providing both theoretical insights into well-posedness
and practical advantages in implementation [30].

Theorem 1. For u € Hj(Q):
fVu - VvdQ = vadQ Vv € H}(Q). (20)
Q Q

Proof. Multiply (15) by v:

(V2w = fv (21)
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By Integrating over (1, to get the weak form,

—ﬂﬂ(vzu)vdn = ﬂnfvdﬂ. (22)

From the vector identity:

V- (vVu) = Vv - Vu + vV2u. (23)
Integrating over ():
fV -(vVu)dQ = va - VudQ + f v V2udQ. (24)
Q Q Q
Applying the divergence theorem:
fV - (vWu)dQ = J (vVu) - nds = j v (Vu - n)ds. (25)
Q 20 a0

where n is the outward unit normal vector to ).

Rearranging terms:

vazudQ =f v(Vu-n)ds—fVu'Vde. (26)
Q 20 Q

By substituting into the weak form:

—U v(Vu-n)ds—fVu'Vde]=ffvdﬂ. (27)
20 Q Q
Since v € H} (), the trace operator satisfies Tr(v) = 0 on 3£, thus we can impose the boundary conditions:
f v(Vu-n)ds = 0. (28)
20
The equation simplifies to:
fVu -VodQ = ffde. (29)
Q Q

Having established the weak formulation in theorem 1, we now derive the discrete linear system arising from the
Galerkin method. The approximate solution uy € Vy must satisfy

fVuN-Vde=ffde Vv € Vy. (30)
Q Q

Substituting uy = YN, Z?’:o ¢;j @;; and testing against basis functions ®;:

Lv

N
=0

N

Zci,- oy .chkldn=jfcbkldn vk1=0,..,N. 31)
Q

j=

j=0

Becomes:
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iicu LV‘DU VP, dQ0 = Lf(i)k(x)(ﬁl(y)dﬂ vk,1=0,..,N.

=0 j=0
To compute the left-hand side of (32) explicitly, we are going to expand the following:

The gradients are:

d
Vo = ?Mi(x)d)j(y)] N (jz((’;)q;’ffgy%)
i (X .
Glooeom]) Y

(b (D)
Vo = <¢kcx>¢y<y>)'

The dot product is:

Vo - Vo = [¢',00,0)] (b (O] + [$: ()", )] 91 )by )]
= 4", )B; N B) + $i ()b (P, )by ).

Thus:

| 70y voudn = | (#0900 800000 + 0GOS, 0100 0)]

(32)

(33)

(34)

(35)

In the following steps, we are separating the variables more explicitly, which will be more efficient in forming the

matrix system of the problem.
By Fubini’s Theorem and the rectangular domain Q = [0,1] % [0,1], from (35):

1 ,1 1 r1
vy vouda=[ [ ¢ 0oe@eme0ady + || 609009, 0)be 0)dxdy
Q 0 Jo 0 Yo
1 1
= ( e (x)qbkr(x)dx) ( [ (y)qbl(y)dy)
0 0
1 1
" ( [ (x)qbk(x)dx) ( [, (Y)<l>z'(y)dY> .
0 0
Defining the 1D matrices:
1
Ky = J @', (X)pyr(x)dx, we call it stiffness matrix.
01
M, = J ¢; ()P (x)dx, we call it mass matrix.
0
The left-hand side simplifies to:
f \Y (D’-J N Vcbkld.Q = Kiijl + Mikl(jl
Q
Similarly to the left-hand side expansion, we expand the right-hand side of equation (32) as follows:

f f dd = f £ (6, y)®p(x, y)da = f f £ ()i ()b () dxdy
Q QO 0 0

(36)

(37)

(38)

(39)
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The discrete system
N
Z ey (KueMyy + My, = ffcb,ddn, Vi, 1=0,..,N. (40)
Q
=0

j=0

L

can be expressed as the linear system Ac = b through the following constructions. The solution coefficients {c;;} are
vectorized into ¢ € RV+D? ysing column-major ordering:

— T
€ = [C00) C10s = » CNO» C01s C11s -+ » CN1» =+ CoNs =+-r CNN] - (41)

The system matrix A € RVFD**(V+D? ig oiven by

Auon, iy = KMy + My Ky, (42)
which, by symmetry of the stiffness matrix K and mass matrix M (Kj; = Ky, M;; = Mj;), corresponds to the
Kronecker product form

A=MQK+KQM, (43)

where K, M € RW+DxN+1)

The right-hand side vector b € R®Y *1? yses identical column-major ordering with components:
T
b = |:ffq)00dﬂ, ff¢10dﬂ, oy J‘fCDNon, fchOldQ, ey ffq)NNdQ] . (44)

Q Q Q Q Q

4. Numerical Solution Scheme

Lemma 1. The basis functions ¢, (x) = x(1 — x)Lj, (x) satisfy:
1.  ¢y(x) is symmetric about x = 1/2 if k is even: ¢, (x) = ¢, (1 — x)
2. ¢p(x) is antisymmetric about x = 1/2 if k is odd: ¢4 (x) = —¢p (1 — x)
3. ¢x(1/2) =0ifkisodd, and ¢, (1/2) = 1/2 if k is even

Proof. We establish the symmetry properties of L}, (x), then extend these to ¢y (x).

For the Symmetry of L}, (x) about x = 1/2:
We prove by induction that for all k € N:

L3 (%) if k is even
S (1 _ — 17k
L =) {—L; (x) ifkis odd

(45)
For the base cases, we have L§(x) = 2, which gives
Li(1—x) =2=L3(x) (46)
and Lj (x) = 2x — 1, which gives
LA—-x)=21-x)—1=1-2x=—-2x—-1) = -Lj(x) 47)

Assume the property holds for all m < k where k = 2. The recurrence relation Ly, (x) = (2x — 1)L§,_; (x) +
$—2(x) evaluated at 1 — x yields
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P(1-0=0CA-x0-DLi (1 -0+ L_,1-x) =1 =20)L;_, (1 = x) + Li_,(1 - x) (48)

When k is even, k — 1 is odd and k — 2 is even. By the inductive hypothesis, L}, _; (1 —x) = —L}_,(x) and
L_,(1 —x) = Lj,_,(x). Therefore

k(1= x) = (1 = 2x) (= Lj—1 (X)) + Li—5(x)
= (2x = DLy, () + Li—» (%) (49)
= Li(0)

When k is odd, k — 1 is even and k — 2 is odd. By the inductive hypothesis,
w_1(1—x) =Ly _,(x) and L;,_,(1 — x) = —L}_,(x). Therefore
k(1 —x) = (1= 20) L3, (%) + (—Ly—2(x))
= —[(2x = DLi—1 (0) + Lo (x)] (50)
= —L3,(0)
For the Symmetry of ¢, (x) about x = 1/2:
The factor g(x) = x(1 — x) satisfies
gA-0)=101-91-1A-0]=0A-)x=x1-x) =gXx) (1)
Hence g(x) is symmetric about x = 1/2. For the basis functions, we have
Or(1—x)=0—-x)xL;(1—x) =x(1 —x)L3,(1 —x) (52)
When k is even, L}, (1 — x) = L} (x), yielding
(1 —x) = x(1 = x)L3 (%) = ¢pe(x) (53)
When k is odd, L3, (1 — x) = —L}(x), yielding
(1 —x) = x(1 = x) (=L (X)) = —Px(x) (54)
This establishes parts (i) and (ii) of the lemma.
For the Values at x = 1/2:

We prove by induction that for all k € N:

1 2 ifkiseven
s (1) 55
L"(z) {0 if k is odd (55)

For the base cases, Lj(1/2) = 2and Lj(1/2) =2-(1/2) -1 =0.

Assume the property holds for all m < k where k > 2. Evaluating the recurrence relation at x = 1/2:

14(5)= (231 (5) + i g) =012 () 122 () = 2 ) 6

When k is even, k — 2 is even, so Lj,_,(1/2) = 2 by the inductive hypothesis. When k is odd, k — 2 is odd, so
3_2(1/2) = 0 by the inductive hypothesis.

For the basis functions at x = 1/2:

w)-3ru-30

When k is even, ¢ (1/2) = (1/4) -2 = 1/2. When k is odd, ¢, (1/2) = (1/4) -0 = 0.
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This establishes part (iii) of the lemma, completing the proof. O

Theorem 2. For the mass matrix M;; = fol ¢; (x)¢;(x)dx and stiffness matrix K;; = fol(p’i (x)(p’]. (x)dx with
boundary-adjusted basis functions (modified shifted Lucas polynomials) ¢, (x) = x(1 — x)L3, (x), we have:

M;; =0 and K;; =0 whenever i+j isodd. (58)
Proof. The proof consists of three parts:
1. Establishing symmetry properties of the derivatives.
2. proving antisymmetry of the integrands when i + j is odd.
3. showing the integrals vanish over the symmetric interval [0,1].
Part 1: Symmetry Properties of ¢, (x)
Proposition 1. The derivatives satisfy:
1. Foreven k: ¢,/ (x) is antisymmetric about x = %: P (1 —x) = =y (x)
2. Forodd k: ¢, (x) is symmetric about x = %: (1 —x) = ppr(x)

Proof. Differentiate the symmetry relation of ¢, (x) with respect to x:

d d
dx [P (1—x)] = dx [ok i ()] (59)

where g, = 1 for even k and g, = —1 for odd k.

Applying the chain rule to the left side:

¢ (1 =x) - (=1) = 0Py (x) (60)
Case 1: k even (0, = 1)
~ (1 =x) = ¢ (x) = Ppr(1 = x) = —pyr () (61)
Case 2: k odd (g;, = —1)
~ (1 =x) = =P (x) = ¢ (1 = x) = s (%) (62)

Thus, ¢, (x) inherits the complementary symmetry to ¢ (x). O

Part 2: Antisymmetry of Integrands
L
P

[:i¢;1(1 = x) = =i (x)¢p;(x) (63)

Proposition 2. When i + j is odd, the product ¢;(x)¢;(x) is antisymmetric about x =

Proof. Without loss of generality, assume i even and j odd (since { + j odd implies opposite parities). From the basis
function symmetries:

di(1—x)=¢;(x), ¢;(1—x)=—¢;(x) (64)
Thus:

[9:0;1(1 = x) = $;(1 = x)¢;(1 = x) = ¢; (%) - (=;(x)) = —i(x)9; (x) (65)



Journal of Computational Applied Mechanics 2025, 56(4): 737-776 747
The case i odd, j even follows identically by commutativity. O
Proposition 3. When i + j is odd, the product (l)’l.(x)(p’j (x) is antisymmetric about x = %z
[d)’id),j](l —x) = _¢,L‘(x)¢,j(x) (66)
Proof. Assume i even, j odd. From Proposition 1 :
¢ (1-20)=—¢',(0), ¢ ,(1—-x)=¢ () (67)
Thus:
[¢’i¢’j](1 —x) = ¢,i(1 - x)d),j(l —x) = (_d)’i(x)) ) d)’j(x) = _¢,L‘(x)¢,j(x) (68)
The case i odd, j even follows similarly. O
Part 3: Vanishing of the Integrals
Proposition 4. For any function h(x) antisymmetric about x = % (i.e., h(1 —x) = —h(x)),
1
f h (x)dx = 0. (69)
0
Proof. Decompose the integral and apply the substitution x = 1 — u in the second term:
1 1/2 1
f h (x)dx =f h (x)dx +f h (x)dx
0 0 1/2
1/2 0
= h (x)dx + h(1—u)(—du) (70)
0 1/2
1/2 1/2
= J h (x)dx +J h(1—u)du.
0 0
Using antisymmetry h(1 — u) = —h(u):
1/2 1/2
h(1—-uw)du= f —h(u)du
0 0
1/2 (71)
= - h (w)du.
0
Thus:
1 1/2 1/2
f h (x)dx = h (x)dx + <— h (u)du)
0 0 0
1/2 1/2 (72)
= h (x)dx — j h (x)dx
0 0
O

From parts 1, 2 and 3, we finally conclude that when i + j is odd: ¢;(x)¢;(x) is antisymmetric (Propostion 2)

and ¢’i(x)¢']. (x) is antisymmetric (Proposition 3).
Thus, from proposition 4,
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L 1
M =f $ipjdx =0 and K :f ¢’ ¢’ dx =0 (73)
0 0

This completes the proof. O
Theorem 3. For all non-negative integers i and j, and for all t € R, the Lucas polynomials L, (t) satisfy:

Li(£)Li(t) = Ly ;(t) + (=1)™REDL, . (8). (74)

Proof. To establish this identity, we utilize Binet’s closed-form formula for the Lucas polynomials. The Lucas
polynomials admit the representation.

L,(t) =a™+p", (75)
where a and f are the roots of the characteristic equation r? — tr — 1 = 0, explicitly given by

t+VtZ+4 t—VtZ+4
= f=— (76)

« 2 2

These roots satisfy the fundamental relations.

a+Bf=t af=-1 and a—pB=+t?+4. (77)
From aff = —1, it follows that § = —a ' and a = —p 1.

Consider the product L;(t)L;(t). Applying Binet’s formula, we have

Li(OL;(t) = (a' + ) (a’ + B)). (78)
Expanding the right-hand side yields
Li(OL;(t) = a'al + a'p + Blal + BB = a™ + B + a'BT + Blal. (79)
We now simplify the cross terms a‘B/ and fia’ using the relation f = —a . First,
a'fl = al(—a™t) = (-1 ala™ = (1) a‘. (80)
Similarly,
Bia) = (—a™ Vi) = (-Dia"la’ = (-1)la’7h (81)

To express both cross terms consistently, we observe that
(D™ = (D1 ] = ()R = (1), (82)
Thus, the cross terms can be written uniformly as
a'pl = (~1)/a, Blal = (~1)/p". (83)
The sum of the cross terms is therefore
a'pl + Blal = (~DIal + (DB = (1 (@ + f), (84)
Substituting this back into the expression for the product gives

Li(OL;(t) = a™) + B + (1) (a7 + 7). (85)
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By Binet’s formula, 't/ + g*/ = L;, j(t). The term a'™J + B requires careful handling due to the exponent i —
Jj, which may be negative. We analyze this by considering two cases based on the relative values of i and j.

e  Wheni=>j:Here,i —j > 0,s0a’/ + "/ = L;_;(t). Since |i — j| = i —j and min(i, ) = j, we have
(D (@7 + ) = (1)L (&) = D™D Ly (D).
e  Wheni < j: Here, i — j < 0, and we use the property that for negative integers k, a* + g* =

(—1D)*L_,(t), which follows from a8 = —1 and Binet’s formula applied to positive indices. Specifically,
settingk =i —j,so k <0, and lettingm = —k = j — i > 0, we have

T+ =g+ BT = (—f) + ()™ = (DB +a™) = (D™ (@™ + ™)
= (_1)mLm(t)v
where m = j — i. Since |i — j| = j — i = m, this becomes
a4 B = (=D)L ().

Thus, the cross-term contribution is

(D@ +B) = (D) (DF Ly (6) = (1) (=D Ly (0.
Simplifying the exponent,

(~D = ()P = (D)7 = (-1,

because (—1)?/ = 1 and (—1)~" = (1) (as (—1)’ is its own inverse). Since min(i,j) = i when i < j, we
conclude

(—1)'Ly—ji(8) = (=1)™EDL, s (8).
In both cases, the expression simplifies to
(=1 (@ + i) = (=)D (). (92)
Therefore,
Li(O)Li(t) = Liy; () + (—1)™nEDL, (D), (93)
Completing the proof. O

Theorem 4. For non-negative integers i and j such that i + j is even, the integral of the product of shifted Lucas
polynomials LS, (x)against the weight [x(1 — x)]? over [0,1] is given by:

i+j

=7
(TN VAN NN N
AR e L 2k 1 i) —2k+3 i+j-2k+5

li—j| 9

=

(_1)min(i,j) 1 2 1
+—Z C|i—j|,k(- - v +—— );
16 e [i—=jl—2k+1 [|i—j|—2k+3 |i—j|—2k+5
where the coefficients ¢, ;, are defined as:
2 ifn=0and k =0,

={ n m—k 95
Cnk {n 7 ( k ) otherwise. (95)

Proof. Applying the substitution t = 2x — 1, which implies:

(86)

(87)

(88)

(89)

(90)

oD
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t+1 dt
x 5 dx > (96)

The limits x € [0,1] transform to t € [—1,1]. The weight function simplifies to:

t+1 1—t_1—t2

x(1—x) =

2 2 4 97
. , 1—t22_(1—t2)2 97)
p-0F = (——) =
The integral transforms to:
1 1
fo L )L () [x(1 — x)]%dx = vl 1Ll- (®L;i(6)(1 = t*)?dt. (98)
By Theorem 3:
L;(t)L;j(t) = Liyj(t) + (—1)min(i'j)L|i—j|(t)- (99)
Substitute into (98):
1 ! min(i,j) 232
2], [Liy; (@) + (—1)™NEDL, (0] — t2)%dt
1t R (100)
= 3—2U Liy; (0)(1 —t?)%dt + (—1)m‘“<"1)f Lj—jj ()1 — tH)?2de|.
-1 -1
We define the auxiliary integral for even n (since i + j even implies i + j and |i — j| are even):
1
I(n) = f L, ()(1 —t®)2dt, n € 2Zs,. (101)
-1
Expressing L, (t) via its explicit form:
/2] 2 n=0k=0
= n-2k = —k 102
L.(®) Z Crge £555 e { " (n ) otherwise (102)
k=0 n—k\ k
Thus:
In/2] )
I(n) = Z cn,kf "2k (1 — t2)%de. (103)
k=0 -1

Expanding (1 —t%)? = 1 — 2t? + t*. Since n is even and n — 2k is even for all k, the integrand t™~2*(1 — ¢2)? is
even. Therefore:

1 1
f t™ (1 —2t% + tY)dt = ZJ t™ (1 -2t +tHdt, m=n-2k. (104)
-1 0
The antiderivative is:

m+1 2tm+3 tm+5

[tm(1 =2t +tHdt = (105)

m+1_m+3+m+5'

Evaluating from 0 to 1 gives:
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2[ ! 2 41 (106)
m+1 m+3 m+5[
Substituting m = n — 2k into (103):
n/2) ) ) )
I(m) = 2 Z ( _ ) 107
™) L M\ =2+ 1 n—2k+3 n-2k+5 (107)
Substituting (107) into the product identity:
1
| B@B@xa -0
0
=[G+ + (D™ EP1(i - )]
Lasd
_ 1 22 ( 1 2 4 1 )
=331 k_oci”"‘ itj—2k+1 i+j—2k+3 i+j—2k+5
=
2
+(=1)minGd) . 2 Z c ( ! 2 N 1 )] (108)
L I\l —j| = 2k+1 |i—j|—2k+3 " |i—j|—2k+5
15
_ 1 Z ( 1 2 + 1 )
_16k_oci+f"‘ i+j—2k+1 i+j—2k+3 i+j—2k+5
=0
. . 2
(—1)min@) 1 2 1
+— Z C|i—j|k<- - Era— +— )
16 s TN —jl|—=2k+1 |i—j|—2k+3 |i—j|—2k+5
Where,
2 ifn=0and k =0,
=!{ n m-—k 1
Cnk { ( ) otherwise. (109)
n—k\ k

The binomial coefficient (n;k) is well-defined for 0 < k < [n/2], ensuring all terms are valid. This completes the
proof. O

Theorem 5. Let L3, (x) = L,(2x — 1) denote the shifted Lucas polynomial, where L,(u) is the n-th Lucas
polynomial. For non-negative integers i, j = 0 with i + j even, the integral

S

! s dL§ . dL
Ij = fo [(1 —2x)L;(x) + x(1 — x) E] [(1 —2x)L;(x) + x(1 — x)a dx (110)

admits the explicit algebraic expression:

19 14 (—1)P+a
I = _Z b pP 2 (111)
’ 8 Lu L p+q+1

p=0q=0

where the coefficients b,gn) forn =2 0,0 <k <n + 1 are defined by:
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n+1
2n [ o .
Sriln—1 if k = 0 and n is odd,
2
2 a7 -2 if k =1 and n is even,
n+k+1 n+k—-1
2 2n 2 . .
(k+1) m n—-k—1 —m n—k+1 lkaZandn—klsodd,
2 2
0 otherwise.

and the binomial coefficients are zero if arguments are non-integer, the lower index is negative, or the lower index
exceeds the upper index.

Proof. Apply the substitution u = 2x — 1, mapping x € [0,1] to u € [—1,1]. This yields:

x=u;1, dx=dz—u, 1-2x=—u, x(l—x)=1_4u2. (113)
The shifted Lucas polynomial and its derivative transform as:
L3 (x) = L;(w), C;f =%-Z—Z= 2%. (114)
Define the kernel for index i:
400 = (1= 201500 + 21— 0 E 2 Cuny + 12 2 e+ 22 )
dx 4 du 2 du
The integrand becomes A;(x)A;(x), and the integral transforms to:
Il-]-=f1 [—uLi(u)+1_uzﬁ] [—uL-(u)+1_u2% d_u (116)
A 2 du / 2 duf?2
Defining the auxiliary polynomial:
D,(u) = (1-— uz)% — 2uL, (w). (117)
We observe that:
() + > —2u2 % - %[(1 - uz)% - 2uLn(u)] - %Dn(u). (118)
Thus, the integrand simplifies to:
4G40 = (3000 (30,00 = 3 DD, ). (119)

The integral is now:

11 du

1 1
li; = f_lzDi(U)Dj(U) 5= §J-_1Di (w)D;(w)du. (120)
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The Lucas polynomial L, (u) has degree n and expansion:

N "M tme=n—20 e=o01..|"
Ly(u) = E cdum, Y = {n {)( ¢ ) Hm=n-—dt, = """lEJ' (121)
0 otherwise.

m=0
Its derivative is:
dL n n-—1
d—n = Z mcMym-1 = Z (m+ 1) um. (122)
u m=1 m=0

By Substituting into D, (u):

n-1 n
D,(w) = (1 —u? Z (m+ 1)c,(r’zlu —2u Z c,(:) u™. (123)
m=0 m=0

Then, by expanding both terms:

n-1 n-1

n-1
(1-1u? Z (m+ 1)c,(,21u Z (m+ 1)07(,731u Z (m+ 1)67(,721117"*2
m=0 m=0

m=0

n-1 n+1
= Z(k + 1™ uk - Z(k — 1™ uk, (124)
n+1
—2u z ™y Z Zc,En)lu

m=

After, Combining and extracting coefficients of u*, we get:
e Fork=0:1- cl(n) = cl(")
e Fork=1: Zan) - ZCén)

o Fork=2:(k+1)c —(k—1)c™ —2¢™ =k +1)(c¥, - ™,

Thus, Dy, (1) = Ytd b uk with:

c™ k=0
1 )
b = 42" - 2¢{"” k=1, (125)

(k + 1)(Clgr4l-)1 - Cl(cn)l) k=2
In the following, we derive closed forms for b,(c ) using the expression for c( );

Casel: k=0 bén) = cl(n) isnon-zero only if nodd. Setm=1=n—-2¢,s0f =(n—1)/2:

n_n—l n+1 n+1
™ _ n 2 n 2 | 2n 2
G n—1 n—1 n+1ln—-1 _Tl+1 n—11F (126)
n-—— 2 2 2 2

Thus:
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n+1
2n 2
b ={nt1 n_1 nodd, (127)
0 otherwise.
Case2: k=1 bfn) = ZCZ(H) - ZC(()n) is non-zero only if n even.
1. Forc{:setm=0=n—2¢50¢=n/2:
. n
n -5 nls
oV =—x| o%)=w|n|=2-1=2 (128)
T2\ 2 2 \2
2. Forcén):setm=2=n—2{’,so{’=(n—2)/2:
_n-—2 n+ 2 1
RO 2 \__n 2_\_ = (27 (129)
2 n—2\ n—2 n+2\n=2|"pn42\0_4f
— 1
n 2 2 2 2 2
Thus:
n n
b = o[ 2 2+t 2.2=2(- 2 2+t 2 130
oM\ n+2\2 S\ n+2\_y ' (130)
2 2
) m _ ™ _ WY o () BN B
Case3: k>2b,"” = (k+ 1)(c,y, — ;) is non-zero only if n — k odd (ensuring ¢y, ¢, exist).
1. Forc,g?lzsetmzk+1=n—2{’1,s0€1=(n—k—1)/2:
n_n—k—l n+k+1
m _ n 2 _ 2n 2
%1 = TR k=1 n—k-1 |Tnyksi\n—k-1] (131)
n 2 2 2
2. Forc,(:i)lzsetm=k—1=n—2{’2,sofz=(n—k+1)/2:
n_n—k+1 n+k—1
m__ " 2 __2n 2
Ck-1 = n—k+1| n—-k+1 Tn+k—-1\n—-k+1/ (132)
"t 2 2
Thus:
n+k+1 n+k—1
2 2n 2
bW = (k+1)| ———— - . 133
e = k4D n+k+1\n=k=-1] pnyr—1\n-k+1 (133)
2 2
In the following step, we evaluate the integral in its final form:
Expanding D; (u)D;(u):
1 i+1 j+1 1
j i (D (wdu = ZZbg) b9 J i d (134)

p=0g=0
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Evaluating the monomial integral:

1 um+1 1 1—(-1 m+1 1+ —1)m
J- u™du = = ) = D . (135)
-1 m+ 1| m+1 m+1
Settingm = p + q:
1 1+ (—1)P*d
f ub*ldy = # (136)
1 pt+tq+1
Thus:
L+1 j+1
N Z Z @ o L+ DT (137)
lij = 8 bq p+qg+1
p=0gq=
_ +
The term DR vanishes when p + q is odd and equals 2+1 when even. The condition i + j even ensures

consistency with the original integral’s symmetry. Binomial coefficients are zero for invalid indices, confirming all
terms are well-defined.
This completes the derivation. O

Remark 1. The formula is computationally efficient, requiring only evaluations of binomial coefficients and a
double sum over bounded indices. Symmetry I; ; = I;; is evident from the expression.

Remark 2. The formula (111) and is consistent with the result we got before in Theorem 2, when the parities i + j
is odd the integral vanishes.

Corollary 1. Based on theorem 5, the integral is expressed as a double sum depending only on i and j, with all
coefficients defined explicitly as follows:
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i+1
2i 2 . .
TIli-1 if p = 0 and i odd
2
i
o1 41 2t (2*1 . .
1L+1] 21 - ; -2 ifp=1andieven
I'Z_ZZ ) i+2 2_1
7 8—0 =0
T i+p+1 i+p—1
L 2 20 2 . ,
(10+1)\l.+pJrl i—p-1|"Typ-1|i=p+1]|| Fp=2andi=po
=)
0 otherwise
j+1
2j 138
1 jzl if ¢ = 0 and j od« (138)
g 2
2 ]?+1
21| ——=| ; -2 if g =1 and j eve
+2\1_
x1< U 51
( jtq+1 ) jtgq—1
2j 2 j 2 . ,
|, -—— |, > -
(q+1) i¥qrili=a-1]"T¥q=1\i-q+1 ifg=2andj—«
\ 2 2
0 otherwise

1+ (—1)P+e
X _—
ptqg+1
Corollary 2. From theorem 4, we can evaluate the mass matrix M;; whenever i + j is even as follows:

1

1 1
My = [ 9 00g0dx = [ 180~ DB - DU@] = [ 1 @E@E -0 dx
0 0 0

i+j
=~

1 1 2 1
=1_6kz_(;Ci+j"‘(i+j—2k+1_i+j—2k+3+i+j—2k+5> (139)

Ll

(—DminGi) & 1 2 1
T ZC""f""(|i—j|—2k+1_|i—j|—2k+3+|i—j|—2k+5)'

k=0

where the coefficients ¢, ; are defined as:

2 ifn=0and k=0,
Cn,kzi

n (m-—=k 140
< > otherwise. ( )

n—k\ k

and for a unified explicit formula for any i and j, based on theorems 4 and 2:
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)
14 (=1 1 2 1
Mijz—[zci+j,k<. — - + )
32 i+j—2k+1 i+j—-2k+3 i+j—2k+5
=0 141)
=1 (
2
o 1 2 1
+(_1)m1n(1,]) Z C|i—j|,k( 3 3 -
e ¢ =Jl

+
—2k+1 |i—j|—2k+3 |i—jl|—2k+5
Corollary 3. From theorem 5 and corollary 1, we can evaluate the stiffness matrix
follows:

K;; forany i and j is even as

1 1 dLS
K = f @' (X)) (x)dx = J- [(1 —2x0)Li(x) + x(1 —x) —] [(1 —2x)L; (%) + x(1 —x)
0
i+1 \
20 [~ ‘ .
TIli-1 if p =0andiodd
2
» <% +1
i+1J+ if p =1andieven
1 i+2\L np
2|
re i+p+1 i+p—1
+1 2 2 2 ifp > 2and i — p odd
CHO T rilizp—1 | ixpo1|izp+1 || P =2adi=po
\ T =)
otherwise (142)
2 . ,
- if g = 0 and j odd
2
2 + 1
ifg = 1 and j even
X < — -1
) jt+q+1 ) j+q—1
(g+1) 27] 2 —27] 2 ifq=2andj—qoc
a Ttq+1\i=9=1| jrqg-1\i—q+1 q=candj—q
2 2
0 otherwise
y 14 (—1)P*+e
ptq+1
5. Error Bounds and Convergence Analysis
5.1. Upper Bound of the Approximate Solution’s Coefficients
Lemma 2. [31] The shifted Lucas polynomials L}, (x) = L, (2x — 1) satisfy Binet Formula in (10) as follows
Ly (x) = y(0)* + ()", (143)
where

@ 2x-1D+J(2x—-1)2+4
y(x) =

5(x) = (2x — 1)—,/2(2x—1)2+4-. (144)
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are the roots of the characteristic equation of the recurrence relation in (9), thus;
y)6(x) =-1, y(x)+6(x)=2x-1, (145)

and for x € [0,1],

vy <p, [6(x)] <p, where p= ~ 1.618 is the golden ratio. (146)

145
2
Lemma 3. The leading coefficient of L3, (x) is 2% for k > 1

Proof. This lemma can be easily proved by induction. O

Lemma 4. For integers m = 0 and 0 < k < m, the connection coefficients d,, , in the expansion

m
XM=Y g L) (147)
k=0
satisfy the inequality
my 1
il < () 3% (148)

Proof. The proof proceeds by induction on m. Since the shifted Lucas polynomials satisfy the recurrence (14) and
by Lemma 3, the leading coefficient of LS, (x) is 2 for k > 1.

We express x™ = x - x™ ! and substitute the expansion x™~* = ¥t d,,_y j L (x):

m-1
XM = Z Ao % - LS (). (149)
j=0
Using recurrence properties:
e Casej=0:
S 1 S S : S
x-Ljx)=x-2=2x= ELO(X) + L3 (x) (since Lj(x) = 2x — 1). (150)

e Casej > 1: Rearrange L, (x) = (2x — DL;j(x) + Lj_;(x):

x-Lj(x) = %(qu(x) + L5 (%) + L, (x)). (151)

Substitute into the sum and collect coefficients for Ly (x) (with dp,_; ; = 0 for j < 0 orj > m — 1):

1 1

* Coefficient of L (x): Ao = 3 dm—10+ > dm-11
1 1
e Coefficient of L3 (x): dm1=dm1o+=dm_11+=dm_12
) ) 2 » 2 »

1 1 1 (152)
o Coefficient of L3;(x) Q< k <m —1):dyy = Edm—l,k—l + Edm—l,k + Edm—l,k+1

1
e Coefficient of L3, (x): Amm = 3 Am—1m-1

Then, for the base cases of induction, we verify for m = 0,1,2,3:

o m=0:x"=1=dyoL(x) = 2dgo = dop = %,
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1 0\ 1
[dool =5 = ()55 =1 (153)
e m=1:Solvex=d;o-2+d;(2x —1):
1 1
2d10 - dll = O, Zdl_l =1= dl,l = E, dl'o = Z, (154‘)
11 1 N1 1
ldio| = (0>20 L Jdy=5< (1>§=5. (155)
e m = 2:Using L3(x) = 4x? — 4x + 3:
1 1 1
dy, = 2’ d2,1 = 2’ dyo = _g, (156)
1 2\1 1 231 1
drol =g =1L |daa| =5 (>—=1, d ——s()—z— 157
|4z 8~ |z 1/2 |z 4=\2/47 4 (157)
e m = 3: Using L§(x) = 8x3 — 12x? + 12x — 4.
1 3 5
d33=§: d32—§» ds3; =0, d3o = 16 (158)
5 3 3 3 1 1
|d3‘0|_1_6S1' |d31|—055. |d32|=§SZ' |d33|=§51'§- (159)
Hence, we move to the inductive step by assuming for all integers r <mand 0 < j <r:
r\ 1
= () 37 (160)
. k=m
1 m-—1\ 1 1
dnm =3 &mamss Ndmamal < (0 )3 = 3ms (161)
1 1 1 1 my 1
(il =5 ldmsme] <5 5 =5 = () 5 (162)
2. k=0
1 1 m-—1
dm,O = zdm—l,o +zdm—1,1r |dm—1,0| <1, |dm—1,1| < 5 (163)
1 1 m-— 1 _m+1
ldmol <5145 —— : (164)

2 2 4

Since (7)) zio =1 anme+1 < 1 for m < 3 (base cases), while form > 4, |d,, 0| < % = 1but () =1is

constant, we have:

|dim ol < min (1,%) <1= (m) 1

1 1
dm,l = dm—l,O + Edm—m + Edm—l.z'
i <1+1 m—1+1 <m—1>1_1+m—1+(m—1)(m—2)
ldmal <1475 2 2 /4~ 4 32 '
The bound (T)% = %holds since:

m m—1 (m-1)m-2)y -m?+11lm—26
——(1+ + >=
2 4 32 32

>0 forme {4,5,6,7},

(165)

(166)

(167)

(168)
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and for m < 3 (base cases) or m = 8, the induction hypothesis ensures |d;, ;| < %

4, 2<k<m-1

1m-1\ 1 1m-1\1 1m-—-1
il <30 1)z ta (T )zt
|""""l—z k—1)2k1 "2\ Kk )2k 2\k+1

_(m—1)1+(m—1) 1 +(m—1>
\k-—1/2k k)21 " \k+1

The bound (T;) zik = ((7:__11) + (mk_l)) zik holds because:

m—1\ 1 m—1\ 1 m-—1\ 1 m-—1
( k )z_k_ ( k )2k+1+(k+1)2k+2 :( k )2k+1_

where the inequality follows from Z(mk_ 1) > (m_l) (equivalent to 3k + 3 = m — 1), which holds for k >

k+1
mT_A', and for k < mT_‘}, combinatorial decay preserves the bound.

O

Lemma 5. Let g(x) be analytic on [0,1] with derivative bounds

lg® ()] <k vk=o. (171)
Then its Taylor series at x = 0 converges absolutely:
had (m) m
gl _¢
gx) = Z O x™, || = ‘ | = (172)
m=0
and |g(x)| < e for x € [0,1].
Theorem 6. The coefficients py in the expansion g(x) = Y5, px L} (x) satisfy
kel
Pl = Sy (173)
Proof. The monomial x™ in the shifted Lucas basis can be expanded as:
m
XM=Y dy L GO, (174)
k=0
where d,, , are connection coefficients.
From Lemma 4, we have:
my 1
|| < (k)z_k (175)
Since the coefficients py, are:
Pk = Z Om A - (176)
m=k

Applying Lemma 5 and the connection coefficient bound becomes:
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IPil < Z _l zk = 2k Z (m -kl a77)
m=k m=k

when Substitute n = m — k:

had (n+k (ke(
SOk Lyl 2Rk

n=0

Dl < (178)

O

Theorem 7. Let u(x,y) be an analytic solution to (15) on its homogeneous boundary conditions. Assume there exist
constants {3, {, > 0 such that for all nonnegative integers i, j:

J .
—u(O | <4 Wu(x' 0| <. (179)
Then the coefficients ¢;; in the Galerkin expansion
N N
un(6y) = ) Y 6y i) ) (180)
i=0 j=0
satisfy the bound
g gl1+¢2
oyl < K2 (181)
20 (1 + j)!

Proof. By the derivative bounds and homogeneity, u(x, y) can be factored as:

u(x,y) = [x(1=x)g: ()] - [y(1 = ¥)g. M), (182)

where g, (x) and g, (y) satisfy:

1901 <dd, 1990 < 3. (183)

Since we can expand g, and g, in the shifted Lucas basis:

e —Zp“) L. 9.0 = Zp(” L. (184)
By Theorem 6
{061 ¢2
W, _ %ie @ (ze
Il < Sar PTI =S (185)

After Substituting into u(x, y):

u(x,y) = (Z p" ¢, (x)) Z p? 6,0 | = i i ¢y i()b; ), (186)

i=0 j=0

where ¢;; = p(l)pj(z). Thus:
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(llezl {21662 {11521651*'(2

leis| = p;” 119} < 20 2050 T 28 (i + ) (187)
O
5.2. Truncation Error Bound
Lemma 6. The tightest upper bound of the shifted Lucas polynomials L3, (x) for k > 0:
et {0 T e (188)
Proof. Based on lemma 2, the closed-form solution of the shifted Lucas polynomials is:
k() =y(0* + 60", (189)

where

_ 2x—-1)—-J(2x—-1)?2+ 4. (190)

y(x) >

5(x)

_(@x-D+J@2x—-1)2+4
= > ,

For x € [0,1], y(x) > 0 and §(x) < 0 with y(x)8(x) = —1, so |§(x)| = y(x)~L. The function y (x) is strictly
increasing from y(0) = p~* to ¥ (1) = p, implying y(x) € [p~%, p]. Thus,

Li. () =y ()" + (=D y ()™ (191)
The absolute value satisfies:
Lz GOl = ly () + (=1)*y ()7 . (192)
When k is even (k = 2m,m = 0)
IL3m ()] =y ()™ +y(x) ™2™ (193)

The function g(y) = y*™ + y~2™ is strictly convex for y > 0 (as g"(y) = 2m(2m — 1)y?™ 2 + 2m(2m +
1)y~2M~2 > () and minimized at y = 1. On [p~1, p], its maximum occurs at the endpoints:

max = = 1y = p2m 4 H2m
yamax 900 =9g(p)=g(p™) =p™ +p (194)

We check for sharpness as follows:
o Atx=0:¥(0) = p7h, L3 (0) = (072" + (=p)*™ = p7H" + p*.
o Atx=1:y(1) = p, Ly (1) = p*™ + (=p7)™ = p*" 4+ p7.
When kisodd (k =2m+1,m = 0)

L1 (O] = [y ()™ =y (x) G+, (195)

Define h(y) = |y2m+1 — y—(2m+1)|_

e TFory€[1,p]: h(y) = y?™* ! — y=@m+D) gtrictly increasing (as h'(y) = (2m + 1)y?™ + (2m +
1)y—(2m+2) > O)

e Fory€ [p™,1]: h(y) = y~@m+D — 2m+1 rictly decreasing (as h'(y) = —(2m + 1)y~ @m+2) —
(2m + 1)y?™ < 0).
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The global maximum is:

Az h(y) = h(p) = h(p™!) = p?"*! — p=(m+1), (196)

Again, checking for sharpness as follows:
o Atx=1y(1) = p, Lna (1) = pP 4 (mpTHIMH = pPmat — pmCGmD),

e Atx=0: )/(0) — ,0_1, L52m+1(0) — (p—1)2m+1 + (_p)2m+1 — p—(2m+1) _ p2m+1 — _(p2m+1 _
p—(2m+1)).

Thus |L3,,41(0)] = p?™m+t — p=(m+1),

The bound is sharp for all k at x = 0 and x = 1, and asymptotically optimal as k — oo since p~* — 0 and p¥
dominates. O

Corollary 4. For all integers k = 0, the shifted Lucas polynomials satisfy
|3, () < 20", (197)
Proof. By Lemma 6 and since p™* < p*:
e TForevenk: pk + p7F < pk + pk = 2pk
e Foroddk: p*¥ — p7* < p¥ < 2p*
The result follows. O
Theorem 8. Let u(x,y) be the exact solution satisfies theorem 7 and uy (x, y) its spectral approximation, then the
truncation error ey (x,y) = u(x,y) — uy(x,y) is bounded uniformly for (x,y) € [0,1]? by:
(p)N+1
1
< Ze@1+8)(1+p/2) +1 4 ZN+1y (198)
lexCe )| < e TG
Proof. The error ey (x,y) comprises all terms not included in the double sum up to N:
© oo N N
en(iy) = ) Yy di@ ) = ). Y 6y di); ). (199)
i=0 j=0 i=0 j=0

Splitting the series and applying the triangle inequality gives:

oo oo N [}
e @D S D D Teglig@lig o+ Y > 1eyliglig; o)l

i=N+17=0 =0 joN+1 (200)

5 5

We bound S; and S, separately as follows:
Forx € [0,1], x(1 —x) < i (maximized at x = %), and by using Corollary 4:

1 k1 g

Pk GOl = 1x(1 =)L ()] < 7+ 2p% =5 p" (201)

Similarly, |;(y)| < 5 p’ fory € [0,1].

Substituting the given bounds:
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¢ zje(ﬁ{2 1,1 . e () (&p)
lcijl1: ;W) < 205G+ 2P 2P T 20+ (202)

Using the product bound:

PIERE i - (610) (G2p))

S1 = FY P (203)
4 i=N+1j=0 2+ )t
Since (“{’) > 1, we have _1, < i Thus:
@{i+)! ilj!
Y (Gp)' P _ y ©p/2) Gap/2) _ ( (clp/zy'> &2p/2)! 204)
i+j . N i o - i | .
i=N+1 j=0 2+ ) i=N+1j=0 b J: i v j=0 J:
k n
The second sum is e2P/2, The first sum is the tail of e$1?/2, For t > 0 and n € N, Z,;“’znﬂ% < (:1:11)' et. Setting t =
¢1p/2andn = N:
v e/ _ G/ 2"
< ¢1p/2
Z i S N+ (205)
I=N+1
Combining:
® X i j N+1 N+1
Z Z ((1/0) ((ZP) < ({1[)/2) e(lp/zeZZP/z — ((1P/2) e({1+§2)p/2. (206)
L L2Hii+ ) T (N+ 1) (N + 1)!
i=N+1 j=0
Substituting into Sy :
{1+¢ N+1 N+1
5, <& G/ venorn 2 L qrinarern GP/D (207)
= 4 T (N+1)! 4 (N + 1)!
Similarly:
pl1tie o & i J elitlagh & 2y 2y
5, < z (Gp) '(Zz;.)) - Z z (Clp_/ ) ((zp_/ Y (208)
4 Lo 20 (0 + j)! 4 Lo il J!
i=0 j=N+1 i=0 j=N+1
Bounding each sum:
N i i j N+1
(619/2) < olurr2 Z ((zp_/Z) &P/ e (209)
, i! , 5! (N + 1)!
i=0 Jj=N+1
Thus:
N co . .
i j N+1 N+1
Z Z ({lp) (EZP) < e{lp/z X (EZP/Z) egzp/z — (ZZP/Z) e(zl+(2)p/2. (210)
L 204+ ) T (N + 1)! (N +1)!
i=0 j=N+1
Substituting into S:
{1+ N+1 N+1
s, <" Cap/2)" " crvtpre = L grwcarern G2Pl2)” (211)

4 TN+ D) 4 (N+1)!
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Combining bounds for |ey (x,y)|:

1 (Gap/2)VE  (Gep/2)MH
: <S +S Ze61t82)(1+p/2) 212
lex(x,¥)| < $1 + 2S7e N+ D) N+ 1)! (212)
Factoring common terms, therefore:
1 (p/2)N**
< —e@+l)+p/2) L7 (gN+1 N+1y 213
len(x, ¥)| < 43 (N + 1! @G+ (213)
O
5.3. Total Residual Error
Lemma 7.
For the shifted Lucas polynomials L}, (x) and integers k > 0, the first derivative satisfies:
d 2
|G | kS5 ) (214)

Proof. From Lemma 2, Binet’s Formula defines the shifted Lucas polynomials: L3, (x) = y(x)* + §(x)*, For x €
[0,1], ¥(x) > 0, 8(x) < 0, and y(x)&(x) = —1 with y(x) € [p~1, p].

The derivative is:

——Li () = kly )7y (x) + () 16" (0)]. (215)

and §'(x) =

Using y'(x) = —, and substituting S = (D y ()t k:

Y(X)Z"'l )2

d 2
|- i(x)| S ke GO G (216)

(y**1 4+ y17%). The function hy () is symmetric (hy (y) =

Define y = y(x) € [p~', p] and hy (y) = y2+1
he (y™1)), so its maximum on [p~1, p] occurs at the endpoints. At y = p:

he(p) = (P +p' ). (217)

p?+1

Using p? = p + 1 (golden ratio property):

24+1=p+2, h =——(p"* + p170), 218
p p k(P) 012 (p ) (218)

By symmetry, h(p™1) = hy(p). Thus:
[t <k —(p"“ ) (219)

Corollary 5. For k = 0, the first derivative of the shifted Lucas polynomials satisfies
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4_k k+1
[ uw| <25 (220)
Proof. From the bound
[ o <k —(p"“ ) (221)
we observe that for all k > 0:
pl—k < pk+1 (222)
since p > 1 and p*** > p! > 1 while p*~* < 1. Thus,
pk+1 +p1—k < pk+1 + pk+1 — 2pk+1. (223)
Substituting yields:
4kpk+1
S k - .2 k+1 — . 224
= 1| < g = (224)
O
Lemma 8. For k > 0, the second derivative of the shifted Lucas polynomials satisfies
d2 N 8 2k

Proof From lemma 2, L, (x) = y(x)* 4+ §(x)¥, For x € [0,1], y(x) > 0, 8§(x) < 0, y(x)6(x) = —1,and y(x) €
[~ Pl

The second derivative is:

dZ
Tz () = kl(k - Dy 2@ ())?* +y () " (x) + (k = 1)) (8" (x))? (226)
+ 5(x)* 18" ()]
L 2y@? o " 8y()* " 8y(0)® -
Using y'(x) = %, 6'(x) = y(x)2+1’ y'(x) = O/(Z)(ij_l)a,, and §"(x) = —%, the absolute value is bounded
by:
2 V2 1y ()2 K V2 1y () 4k
L ool <k 4(k_1)y( ) y(x) y(x) y(x) (227)
dx? (r(x)?* +1)° (r(x)? +1)>°
) yk+2+y2—k yk+2+y4—k
Define y = y(x) € [p~%, p] and D(y) = y? + 1. The maximum of h;(y) = 4(k — 1) oo T 8 50
occurs at the endpoints due to symmetry. Aty = p:
k+2 2-k k+2 4-k
ptp pTtp
h =4(k-1 +8 228
() =4 = D=+ 85 (228)
For k > 2, p?7* < p**2 and p*~* < p**2 (since p > 1), so:
8(k _ 1)pk+2 16pk+2 8pk+2 kak+2
hie(p) < + = [((k—D(p+2)+2] < (229)

(p+2)? (p+2)° (p+2)° T (p+2)*
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Usingpk+2 =pkp2 =,0k(p+1) and(L)Z _1.
p+2

8 k+2 2 1 8
pizgpk.pizgpk._z_pk. (230)
(p+2)? (p+2)? 5 5
Thus:
@ L3 <k 8kk—8k2k 231
O

Theorem 9. The residual Ry (x,y) = —VZuy — f(x,y) is bounded uniformly for (x,y) € [0,1]? by:
(p/2)"

|Ry (x, ¥)I SKT(({V +$ON?, (232)
where X = gpz(fl + (y)2e61t6)4p),
Proof. The residual is Ry = —V?uy — f. Since —V?u = f for the exact solution u, it follows that Ry = Ve,
where ey = u — uy is the truncation error. Thus, |Ry| = |V?ey|. The Laplacian is:
d0%ey 0%ey
VZeN :W-i-a—yz (233)
The error ey, is the tail of the series:
e = Cii (x . .
N Z ij ¢l( )‘l)](y) (234)
@5
i>N or j>N
Applying the triangle inequality:
2 " "
V2ey| < (Z}) el (|6", 000,00 + 609", 07)|)- 235)
i>N (;r j>N
Split the sum into two parts:
Penl < D0 D leyl (18”008, 001 + 169", )1
i=N+1j=0
N " (236)
£ Tyl (18", @01 + [di ", 0.

i=0 j=N+1

w

T,

We bound T; and T, separately. By symmetry, T, has the same form as T; with {; & {, and i & j, so we derive the
bound for T; and adapt it for T,.

First, we bound the basis functions and their derivatives: For x € [0,1], x(1 — x) < %. Using the given bounds:

()] = [x(1 = )Ly ()| < 1/4 - 2p* = 1/2 p*. (237)
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For ¢,»(x), compute the second derivative:
Pi(x) = x(1 = x)Lj (x),

dpr(x) =1 —2x)L5(x) + x(1 — x)—L (),

Opr(x) = =2L5(x) +2(1 - 2x)—L ) +x(1 - x) d > Ly ().

From Corollaries 4, 5 and Lemma 8, by bounding each term:

|-2L5 ()] < 2 - 2p* = 4p¥,

. 4_kpk+1 8kpk+1
Pu—zga;@@ﬂsz-1-p+2= e

2

x(l—x)d—L (0| <1/4-8/5k?pk =2/5k?pk.

Thus:

k+1 8kp
+2/5k?p* = "(4+—+2 5k2>.
/5k“p* =p 042 /

8kp
" < 4ok +
9 (1 < 49t +=E

Fork>1,k<k?and1 < k?, so

8p

8
16, ()] < p* (4k2 + /szkz +2/5 kZ) = kK2 (4 togt 2/5) < p*K? - 8/5,

(238)

(239)

(240)

(241)

(242)

(243)

(244)

(245)

where the last inequality holds because 4 + :% +2/5 < 8/5 for p > 1 (verified numerically, e.g., p = ¢ = 1.618
yields = 7.976 < 8/5 -5 = 8). For k = 0, ¢,»(x) is constant and bounded by 8/5 - 0 = 0. Thus:

|ppr (X)| < 8/5k2p*, Vk >0.

Second, we bound the product terms in T;. Forany i > N + 1,j = O:

" (1 Jeb1+62 , 8 efitt (¢1p)" ((2,0)1 2
eI OB S gtz B/5 120 1/2p) = 5 =g
figjesi+é 8 1% (41p)'(52p) )2

|Cij||¢i(x)¢" Ol = _m 1/2pt-8/5j%p/ = =7
Summing these:

8 efS1té2 | i 8 J
1 (197,008,001 + 18:008", 001) < 3 SO @2 4 ),

Using L (since (‘”) > 1 implies (i + j)! = i!j!):

o+n' i1

8 512 (¢p/2 ,p/2)
) (197 8,001 + 16,000, 0)]) < 5 - g LD P,z

il

Bounding T; as:

205+ )

(246)

(247)

(248)

(249)

(250)
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B it O NN (@0/2) p/2)f g ehtha
hsc —5 Z : il : @+j5 = [l + L], (251)
i=N+1j=0 )
where
C 2)li% 2)J 2)! 2)Jj
I = Z ((m{l ) (52#7"/ ) L= Z (le/ ) Z ((zp/ ) ] (252)
i=N+1 ) j=0 J: i=N+1
For I, Bound:
M = e%2p/2 (253)
: J!
j=0
had 2 i;2 2 N+1 N+1 2
Z M < eb1r/? Gp/2) 7 ( | ) (using exponential tail bound), (254)
L i! (N + 1)!
o)
N+1 2 N+1 2
11 < ezzp/z (19/2 ((1p/2) (N + 1) ({1+{2)p/2 ({1[)/2) (N + 1) (255)
- (N + 1) (N + 1)!
For I, Bound:
C 2)Jj? .
ZM = (QTP) (QTP + 1) e$2P/2  (since Yt/j2/j! = t(t + 1)eb), (256)
(¢1P/2)l (1;0/2 ((1p/2)N+1 (257)
e T N+’
SO
N+1 N+1
I, < eGaer2 G/ <{2_p> (Q_p n 1) ap/2 — p(1+2)p/2 M(QP) (52’) n 1). (258)
(N + 1)! 2 2 (N + 1)! 2 2
Combining I; and I,:
2 N+1
L+ < e@ﬁ?z)p/z% [(N +1)%2+ (%p> (%p + 1)] (259)
Thus:
8 efi+e (Gap/2)N*? Gap\ (GaP
< 2.8 T e )p/zl—[ 2 4 (2_> (2_ )] 260
hisg = o (N +1)! W+1) 2 1 (260)
The term in brackets is bounded by:
o\ (G20 Gp 2 Gp
z 4 (220 (222 24 (28 22r
V+1) (2)(2+1)<(N+1) (2>+2 (261)

< (N +1)?(1+{2p?) (since {,p is constant),

but we retain the expression for now. The exponential terms simplify to:
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eS1+820@1+02)P/2 = (@1+8)(1+p/2), (262)

From symmetry, we bound T, by swapping {; < {, and i < j:

[(N +1)% + (%) (Q—p + 1)] (263)

8. efrte e C1+d)p/2 Gap/2)™
4 (N

+1)!

Third, we combine bounds for |V2ey| by summing T; + T5:

8 eCr++p/D) (ppN*IT 8P\ (Gap
Vel < 5 g (NH),[w1((N+1>2+(7)(7+1))

¢ ¢ (264)
o+ ()5 40)]
The expression in brackets is bounded by:
QPN+ D2+ 8p%) + GHIN + 1 +45p%) < (G + DN + 1) + p*(8F +85)) (265)
S (@ +HETHW + DA+ p*(EF + ).
However, for tightness, we use:
N+ 1?2 +p*(F +3) s (N + D0 (G + &) (266)
since p > 1 and ¢ + {Z < ({y + {)?. Thus:
8 e(1t6)(1+p/2) (p/2)N+1
Venl S gy oy @ AW+ DG+ 8 (267)
Simplify the factorial:
N+1)? N+1 2)N+1 2)N
(N+D? N1 /D" pGe/2) 268)
(N +1)! N! N! 2 NI
Thus:
8 e((1+<2)(1+p/2) p (p/ )N
[Vey| < <+ —————5p%(G + &)? o N+ (N + 1), (269
Since V1 = 7N, (M1 =, and N+ 1 < 2N for N > 1:
8 1p 20(@1+82)(1+p/2) /D" o o N 270
|V2e |S§ Z'?((l"‘(z)e e 2N - N1 (G147 + 0282). (270)
The terms {; IV + {,¢Y are bounded by (; + $)(¢V + &) (since each is non-negative). The exponent
e((1+(2)(1+p/2) S e(<1+(2)(1+p) because p/z S p
Combining constants:
8 1 pd
T2 2 2- (G +8)? ((1‘*‘{2)—517 (& + 83 (271)

However, a tighter bound is achieved by:

8 8
°S.Z.P. 2=2P _2 3 272
= = (272)
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and
e@1tE)(1+p/2) < o(a+i)(1+p) (273)
Thus:
2 (p/2)"
[V2ey| < §P3(f1 +p)%earrny N @G+, (274)
Note that N < N? for N > 1, so:
2 (o/2)"
[V2ey| < §P3((1 +p)3ear)tPI N2 N G+, (275)
The constant§p3({1 + ;)3 is bounded by K = gpz((l + ¢,)2e@1+82)(1+0) pecause:
Z 3.8 5 2 8 2 2,1 +E2)(1+p)
34 G +8) < 34 G+ ) pli+ ) < 34 (G2 + $p)etrme2 ) (276)

since p(; + ;) < eP1762) < o(1%62)(1+P) (35 e* > x for x = 0). For N = 0, a separate bound (omitted) confirms

the inequality. Thus:

(p/2)"
N!

|IRv(, ) = K

O

6. Illustrative Examples

Example 1. Consider the following equation,
0*u N 0*u
ox?  dy?

governed by the homogeneous boundary conditions:

u(x,0) =0,
u(0,y) =0,

0<x<1,
0<y<1

while the corresponding exact solution is u(x, y) = sin(mx)sin(my).

= 2n2sin(mx)sin(my) in

8
G +GON?, H=p*(Gu 7,)2eG+é)1+p),

Table 1: The AEs of Example 1 at N = 16

(277)

(278)

(279)

y=20.1

y=20.3

y = 0.5

y=0.7

y =209

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

6.93889 x 10~17
0
5.55112 x 10~Y7
5.55112 x 10~Y7
5.55112 x 10717
0
1.11022 x 10716
3.33067 x 10716
471845 x 10716

0
1.11022 x 10716
1.11022 x 10716
2.22045 x 10716
3.33067 x 10716
2.22045 x 10716
1.11022 x 10716
8.88178 x 10716
1.02696 x 1071°

0

0
1.11022 x 10716
1.11022 x 10716
1.11022 x 10716
4.44089 x 10716
1.11022 x 10716
9.99201 x 1071¢
1.33227 x 107%°

0
2.22045 x 1071¢
3.33067 x 10716
1.11022 x 10716

0
5.55112 x 10716
1.11022 x 10716
8.32667 x 10716
1.13798 x 107%°

3.88578 x 10716
7.77156 x 10716
9.99201 x 10716
1.16573 x 1071°
1.33227 x 10715
1.11022 x 10715
9.99201 x 10716
1.13798 x 107%°
8.32667 x 10716
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Table 2: Maximum Absolute Errors and their Positions for Different Values of N of Example 1

N 4 8 12 16
Maximum AE  1.96875 x 105  6.38593 x 10710 5.66214 x 101 1.38778 x 10~
Position (0.5,0.5) (0.5,0.5) (0.5,0.5) (0.8,0.8)

Exact Solution Approximate Solution

Figure 1: Solution Comparison for Example 1 with N = 16

Absolute Error

Absolute Errors Heat Map
Figure 2: Error Analysis for Example 1 with N = 16
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Example 2. Consider the following equation,

0%u

N u
dy?

0x2

2

governed by the homogeneous boundary conditions:

u(x,0)=0,
u(0,y) =0,

=201 -y)+x(1-x))

0<x<1,
0<y<l1

while the corresponding exact solution is u(x,y) = x(1 — x)y(1 — y).

Remark 3. Upon Implementing our method to solve the example, we found that exact and approximate solutions are
exactly coincided at N = 0 with ¢yq = %, which align perfectly with the exactness of spectral representation of
polynomial solutions, where the error theoretically will be zero whenever N is greater than or equal to the degree of
polynomial solution.[10]

Example 3. Consider the following equation,

0’u  0%u
T 97~ 2e*Y (3xy — x%y — xy? — x%y?) (282)
governed by the homogeneous boundary conditions:
u(x,0)=0, 0<x<1,
u(0,y)=0, 0<y<1 (283)

while the corresponding exact solution is u(x,y) = x(1 — x)y(1 — y)e**¥.

Table 5: The AEs of Example 3 at N = 12

x y=03 y=0.5 y=0.7 y=09

0.1 6.93889 x 107'® 6.93889 x 1078 2.08167 x 1077 1.38778 x 10~/
0.2 6.93889 x 10718 0 0 2.08167 x 1077
0.3 2.77556 x 10717 1.38778 x 10717 2.77556 X 1077  4.16334 x 10~/
0.4 2.77556 x 10717 0 5.55112 x 10717
0.5 0 2.77556 x 10717 9.71445 x 107
0.6 5.55112x 10717 2.77556 x 10717 0 8.32667 x 1017
0.7 138778 x 1077 8.32667 x 10717 555112 x 10717 2.77556 x 10717
0.8 0 2.77556 x 10717 0 416334 x 107

0.9

416334 x 10717

8.32667 x 10717

2.77556 x 10717

6.93889 x 10717

Table 6: Maximum Absolute Errors and their Positions for Different Values of N of Example 3

N 3 6 9 12
Maximum AE  4.11174 x 1075 3.18405 x 10™° 6.53366 x 107 1.11022 x 10716

Position (0.5,0.5) (0.6,0.6) (0.5,0.5) (0.7,0.7)
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__ Exact Solution _Approximat Solution

Exact Solution Approximate Solution
Figure 5: Solution Comparison for Example 3 with N = 12

__ Absolute Error

T Log(Absolute Error] Heat Map

Absolute Error

Logarithm of Absolute Errors Heat Map
Figure 6: Error Analysis for Example 3 with N = 12

7. Conclusion

In this paper, we created and tested a spectral Galerkin method that uses modified Lucas polynomials to solve the
2D Poisson equation with set boundary conditions. The main thing new in our method is that we systematically use
Lucas polynomials multiplied by x(1 — x) to meet boundary conditions as basis functions in a spectral setup. As far
as we know, this is the first use of Lucas polynomial bases for elliptic boundary value problems in the spectral
Galerkin setting.

The tensor-product structure of our basis functions was very helpful from a computing point of view. The algebraic
system that comes out of it has a sparse and organized form, which we used through matrix constructions based on
Kronecker products. This not only makes things easier to set up but also allows for quick assembly of the stiffness
and mass matrices by using the fact that the problem can be separated in each spatial dimension. The three-term
recurrence relation that Lucas polynomials follow helps with computer speed, allowing for quick calculation of
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polynomial values and their derivatives.

Our tests show that the method is surprisingly accurate without needing a lot of computing power. By using a
small number of nodes, usually polynomial degrees below N = 20, our method gives very accurate solutions to the
2D Poisson equation, often getting close to the best possible accuracy in just a few seconds on normal computer
hardware. The spectral convergence we saw is very interesting: for smooth source terms, the error drops quickly as
the polynomial degree goes up, which is what we expect from spectral methods. This quick convergence suggests that
Lucas polynomial bases can do as well as more common choices like Chebyshev or Legendre polynomials, at least
for the types of problems we looked at.

The success of this method points to several directions for study in the future. One thing to do would be to look at
more general elliptic operators, including problems with changing factors and systems of PDEs. Dealing with non-set
or Robin boundary conditions in the Lucas polynomial setting is also worth looking at, maybe by changing the basis
functions or adding lifting functions. Also, while we looked at the unit square area, it’s easy to expand this to more
general rectangular areas, and creating domain decomposition or spectral element versions could allow us to use this
for more difficult shapes.

From a wider view, this study shows how important it is to test other polynomial bases in spectral methods. While
Chebyshev and Legendre polynomials have been the main choice for good reasons, our results suggest that other
polynomial families could be good alternatives, especially when their specific features work well with the problem’s
structure. The easy recurrence relation and relation to Chebyshev polynomials of the second kind make Lucas
polynomials a good choice that should be studied more in mathematical computing.

In short, the modified shifted Lucas polynomial basis we present here gives a quick and correct setup for spectral
Galerkin solutions of the Poisson equation. The combination of meeting boundary conditions automatically, good
computing structure, and great convergence makes this method a helpful addition to the spectral methods toolkit. We
hope that this paper will encourage more study into the use of Lucas polynomials and other less common polynomial
bases in numerical methods for partial differential equations.
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