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Abstract

A cylinder with a prismatic structure is considered and this is "filled" with a
thermoelastic material with the Cosserat structure. It is supposed that on the
lateral surface of the cylinder there are no body forces, or body couple nor
heat supply. But, on the base of cylinder, a microrotation is given, which is
time-dependent, a displacement, which is also time-dependent, and a thermal
displacement is also prescribed. All these loads are assumed to be harmonic
functions in time and from their corroborated action, the movement of the
body under consideration is induced. We will define a measure associated
with the vibration that corresponds to the steady state. Assuming that there
is a certain critical frequency and we can suppose that any excitation
frequency is lower than the critical one, we will be able to obtain an
estimation regarding the spatial decay.

Keywords: Thermoelastic Cosserat Media; Micropolar Vibration Analysis; Spatial Attenuation in
Continuum Media; Non-classical Elasticity Theories; Critical Frequency Effects; Thermomechanical
Wave Propagation; Thermoelasticity; Cosserat Theory; Spatial Decay; Microrotation; Vibration Analysis

1. Main text

In the classical theory of thermoelasticity, heat flow is based on Fourier’s law, which implies energy dissipation
and allows heat to be transmitted in the form of thermal waves at infinite speed. In contrast to the classical theory
thermoelasticity, the theory of thermoelastic bodies without energy dissipation permits the transmission of heat as
thermal waves at finite speed.

The theory of this type of body that we are addressing in our study was introduced by the French Cosserat
brothers since 1909. It is known, the deformation in this theory is evaluated by a vector of displacement and a vector
of independent rotation. In this theory the heat flow is described with finite propagation speed. There are other
hyperbolic theories that describe this type of propagation which some researchers call theories of second sound.
Some of these theories are described in the study [1] by Chandrasekharaiah. It is considered that the first approaches
in the theory of thermoelastic bodies without energy dissipation were made by Green and Naghdi [2]. They
introduced a so-called thermal displacement, with regards to the usual temperature. In Green and Naghdi [3] the
same authors postulated a general entropy balance. Nappa in [4] approaces the linear theory of homogeneous and
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isotropic materials without energy dissipation and obtain some spatial energy bounds. In the same context of
thermoelasticity without energy dissipation Chandrasekharaiah [5] obtained the uniqueness of solution for the mixed
problem, Iesan [6] deduced some continuous dependence estimates, while Quintanilla [7] addresses the existence of
the solution.

In this present study the spatial behavior of some vibrations, which are harmonic in time, within the linear theory
of thermoelasticity, for Cosserat bodies without dissipation energy.

Several "a priori" estimations of the amplitude of vibrations, which are harmonic in time, are demonstrated with
the help of some auxiliary identities. The evolution of the vibration amplitude is related to the base, which is
exposed to the loads mentioned above, respecting the condition that the vibration frequency is higher than the
declared critical frequency.

Chirita in [8] studied spatial evolution vibrations in the linear classical thermoelasticity. He uses the same
technique as that exhibited by Flavin and Knops in [9], in the case of low frequency. The exponential estimates are
obtained provided that the constitutive coefficients are positive definite tensors.

Ciarletta proposed in [10] a theory of thermoelastic micropolar bodies that, because it is without energy
dissipation, can assure the propagation of the waves, of thermal type, at a finite speed.

Some concrete and practical issues related to bodies with generalized structures can be found in the papers [11-
20].

Regarding the plane of our study, as usual, first are written down the main differential equations, initial data and
boundary conditions for the mixed problem, considered within context of thermoelastic Cosserat bodies without
energy dissipation. After that, there are proven certain differential identities for certain integrals in cross-sectional
domains. With the help of these identities, some estimates are obtained that describe the evolution of the amplitude
evolves, regarding the distance until the base that is exciting. The condition is respected that the frequency of
vibrations must be at least as frequent as is considered critical. be greater than a certain critical value.

2. Main equations and conditions

We will work in a domain D of three-dimensional Euclidian space, which is occupied, in its initial configuration
by a Cosserat homogeneous material. The boundary of D is denoted by 8D and D is the notation for the closure of
D,D=DudD.

A system of fixed rectangular Cartesian axes is used, and vectors and tensors are denoted using boldface
notation. All points in D are depending on spatial variable with the components x,, and the temporal variable
t € [0, o). In the case there is no likehood of confusion the time argument and the spatial argument of a function

can be omitted. The differentiation with respect to time t and the diferentiation with respect to the variable x,, is
denoted by the subscript M preceded by a comma, f,m = ;A—_jr.

As in [5], the basic equations governing the theory of thermoelasticity of Cosserat bodies without energy
dissipation are:

- the motion equations:

Tonn + pfm = Pi}m!
Tmnn + Epnk Tk + Py, = Imi':':p;;: (1)

- the energy equation:

PS = ;;u‘r — Qmm- (2)

All these equations are satisfied for any (t,x) € (0,00) x D.
The constitutive equations, in the case that the solid, in its initial reference has a center of symmetry at each
point, are defined for any (t,x) € (0,0) X D by:

Ton = Cmr:.'u'er'\'.' + er:.‘n“ek.‘ - Dmr:TJ
T = Bana:r'\'!e.'\'! + Amr:.'\'.'eu'\'! _aEmi'!T’ (3)
pS = Dnmemm + En:nenan + E T,

1
q.,= — T_U Km:':ﬁm'
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The tensors of deformation, e,,,,, and &,,,, which appear in equations (3) are defined by means of the following
kinematic equations:
Bpm = Vi T+ Er:m.'\'(it','\-! Emn = qt'g,,'\d “4)
for all (t,x) € [0,00) x D.
In order to complete the above system of equations, we add the following heat flow equation:
18 m T.m’ (5)
which is satisfied by any (t,x) € (0,00} x D.

The notations used in the above equations are: (V) - the displacement vector, (¢;) - the microrotatia
vector, (T, ) - the tensor of stress, (T, )} - the couple tensor of stress, (g, ) - the vector of the heat conduction, S -
the entropy per unit mass, g - the density mass, constant in the reference state, T - the temperature, which in the
reference state has constant value Ty, I,,,,, - the inertia tensor, /3, - the vector of the thermal displacement gradient,

[, - the vector of the external body force, g, - the vector of the external body couple, 7 - external rate of the heat

supply and €,,,,; represents the alternating symbol.
The coefficients from equations (3), i.e., Copmti> Bkt Amnti> Ponn> Emn» € and K, are constant material
characteristics which satisfy the next symmetry relations:
Cmr:.'d = C.'\'L'mi':! Ai:m:r'n' = Ar'\'.'mi'.:r Imi': = J’i':m P = K (6)
In order to obtain the above constitutive equations, it is used the free energy W defined by:
1 1
qu = 3 Cmnk.femmek! + ank!emmem + ;Amnmemnekl -
—DynmmT — EynEmnT — —T2 4 —— Ky TonT

. 7
mn=imm mn=mn ETU ZTU mnt.amU.n ( )

Above we denoted by a the specific heat and T is the notation for the thermal displacement with regard to the
variation of the temperature, namely:
T=T. ®)
Considering the constitutive equations (3) and the kinematic equations (4), from motion equations (1) and the
energy equation (2), it is obtained the following system of differential equations relative to the displacements Vm,
the microrotations Pm and the thermal displacements T:

[Cmnk.t(vi.k + €y (i’j) + Bnk1 @ik — Dmnf]ln + pfin = PV,
[anm (V:.k + €5 (if’j) + Amni Pie — Emnf]ln +

+Emn_}' [anki (T?I.k + Ekii¢i) + an'k1¢l.k - Dn_}'f] + Pm = l{]'nnﬁil‘:'rt- 9)
1 . ; ; ) a ..
T_o (Kmnr.n)lm — D (T?I.k + €nmx ¢k) —Epnix+ 1= T_o T,

Ty
that are satisfied for all (£, %) € (0,90) X D.

3. Preliminary results

A cross-section {2 of a prismatic cylinder is considered, having a boundary of section denoted by dD , which is
supposed be piecewise continuously differentiable. The Cartesian rectangular system of axes is chosen so that its
origin is in the center of the cylinder base. Also, to simplify writing, the positive 3 —axis will be denoted by £ and
it is directed along the cylinder. The length of the cylinder is considered to be L, so that the lateral border of cylinder
is then 2 = X [0,L]. The material from the prismatic cylinder is a homogeneous and anisotropic Cosserat
body.

It is supposed that that on the lateral boundary surface of cylinder there is null body force, null couple force, null
heat supply and, zero displacements, zero microrotations and zero thermal displacements, that is the cylinder is free
of load on the lateral boundary surface. The displacements, microrotations and thermal displacements appear over
the base of cylinder and are assumed harmonic in time.

Therefore, we need to add the following boundary relations on the lateral surface

vp(t,x) =0, ¢,(t,x) =0, 1(t,x) =0, (t,x) € (0,00) X Z, (10)
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and the next boundary relations on the base:

Ui (X1, %2,0,8) = T (31, 22)€"F, @ (x1,%2,0,1) = by (31,5,
1(x4,%5,0,1) = T(xy,x5)e't, (x1,x,) € D(0), t >0, )

in which tm (X1, %2), ®m (x1,%2) and T(X1,X2) are given smooth functions, @ = 0 is a given constant and
L is the notation for the complex unit.
Due to the loads considered in (11), inside the cylinder appear some vibrations which are harmonic in time and
have the following form:
U (x1,%2,2,8) = Vi (1, %2, 2)€'", $p(x1,%2,2, 1) = @y (31, %3, 2) €,
T(x1,%5,2,t) = O(x1,%5,2)e'“t, (x4,%5,2,t) €D X (0, ). (12)

The components of the vibrations amplitude, that is, (Vm- Dy, G), satisfy the next system of equations:
[Connit (Vi + €kt D;) + Brnnia Puie — LmenG]ln +pw?V, =0,

[an.rd (Vx.k T €y {Dj) + Amnit Prx — WEmy, G].n +

+ Emnj [anki (Vi.k + Ekiiq}i) + Bn}'mq}I.k _ LanjG] + Imnwzq}n - 0- (13)
1 a

(T— Kmn G.n) —twD (Vn.m + Enm;{{b;{) — WE P + T—sz) = 0.
o I o

For the lateral boundary we have the conditions:
Va(x) =0, ®,(x)=0, 8(x) =0, x EZ, (14)

while the base boundary relations get the form:

Vin(x1,22,0) :mﬁm(xl-xz)- @, (x,x5,0) = Eﬁm(xl-xz)-
0(x1,x2,0) = 0(xy,x2), (x1,%2) € D(0). (15)

If the cylinder is finite, a condition on its upper base is required, i.e., on D(L). chirita in [4] and Ciarletta in [5]
studied the spatial behavior of the amplitude for a forced oscillation in the case of rhombic thermoelastic materials,
provided that the excitation frequency is lower than a certain critical frequency.

The main goal of this study is to estimate how the amplitude of oscillation evolves with axial distance from the
point of excitation.
In what follows we consider the mixed problem denoted by P and consists of the system of differential equations

(13), the lateral boundary relations (14) and the conditions on the base boundary (15). The following notation is
used: Vik = Vi + €xim Prm-

The four auxiliary identities which we demonstrate in the following will prove to be useful in obtaining the main
result of our study.

Theorem 1. If the ordered array (Vm- Do, 0) is a solution of the boundary value problem P, then there are
satisfied the following four equalities:

2 J 0 {Cmnia Vi Vik + Amnsa @rx®ric +
+ Bkt [Vex @i + Vi @1i] — p0 ViV — Ly @02 @@ JdA +
+ oz 110D 8V — OV ) + 10 Epp (8P 0 — 0Dy ) }dA =

= ijﬂ{z] {[CSmkIvI.k + Bamia ok — iWDsmG]ﬁm}dﬂ + (16)



Journal of Computational Applied Mechanics 2025, 56(3): 611-626 615

"‘;_sz{z} {[Camua Vi + Bamia @i + 10D3,, 0]V, JdA +

"‘;_sz{z} {[Bamii Vi + Asmia @rie — 1wE3,,, 0] @y, }dA +

+;_zjﬂ[z] {[BSmkIT’)I.k + Az P + lWEsm@]‘Dm}dA}

Jo(zy [1€0Dmn(@Vy + OVy) + 10Eun (8P + 0B ) |dA =
= ;—z Joey UCsmia Vi + Bsjmn®ic + 10D 38 Vi }d A -
~ 2 ot {CamuVik + Bamia@ui — 1wD3, 0]V JdA +
+= 1, o ([Bamia Ve + Asmia @ + 10E3, 8] @ }dA —

_;_z-[[}[z] {[B3mkivk.l + Az Crie — 1WE3m@]‘5m}dA;
2_[5{2} T_lo(ffmn@.m@.n — cmzeG_))dA + JD{Z} tWE (*D:.:z@ — E}Ilk@)d‘q +

(17)

d 1 _ _
= 22 Joe 7, %33(0T 3 + 08 3)d4;

jﬂ[z} 10Dy (V118 + 17,,0)dA +

+ JD[Z} LwEmn({T)I.k'g + {D;.k@)dﬂ = d

dz

-[D{zl T_lox3m(@@.m - @@m)dﬂ

Above, for a field f , its complex conjugate was denoted by f .

(19)

Proof. With the help of equations (13) 1 and (13) 2 we can obtain the next equality:
{[Cmnkivi.k + ankicbi.k - L':‘L'}'I-}rnn'g']ln + pwzvm} I'_"]'n +

+ {[Cmnkiﬁi.k + ankla}I.k + L':‘L'}'I-}mn@]ln + ﬁwzﬁm} I"']'n +

+[ank.t Vik + Amnia Pric — LwEmnG].n{Bm + (20)

+€mnj [Cnjit Vik + Bnjin @i — 1Dy T| @ + Ly @? @, @y +
+[anij~r}.t.k +Amnk1‘51.k + "':""}Emn@]ln{bm +

+€mn; [Crjia Vi + Bujra @ik + twDy ;8] @y + Iy ®,, @, = 0.

After simple calculations, this relation receives the form:
Z{Cmnkivi.kﬁi.k + anki [VI.H(T)I.R +Fr}.i.kq)1.k] +
i P P — P2V Wy — Ly @?®,®@,} +
10D (OVy — TV, 1) + 10E i (0@ — TP ) =

— {[Cmnk.tvi.k + B P — lem”G]F’"}.n + o
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+{[Cmnk:f”1.k + B @i + imen@]Vm}ln +
H[Bmnia Vik + Amnia Prie — WErrm@]‘CT}m}J,L +

+{[ank1f’:.k + Amuia @i + inmnG_)]q}m}ln-

Now, we integrate the equality (21) over the domain D(z). Applying the theorem of divergence and using the
lateral relations from (14), we obtain the equality (16).
Taking into account once again the equations (13) 1 and (13) 2, we get the next equality:

{[Cmnkivi.k + ankiq).t.k _ thmnG)]In + szvm} Fm _
_ {[Cmnkiﬁi.k + anki{fi.k + thmn@]In + pwzﬁm} Vm +

+[Bumnia Vige + A Poic — inmnG]lna}m + (22)

+Emnj [ank.tvi.k + ank.tcbi.k - lean]a}m + Ji’mnwz'[Dm'tf)n -
—[Bumnia Vie + A @ + inmn@]lnq}m -

—€mnj [ank.tﬁi.k + ank.tcii.k + L':‘L'}‘Dn_}'@]{Dm - l{mnmz(qu)n = 0.
After simple calculations, this relation receives the form:

1Dy (OV + 0V, ) + 1w (0@, + T D) =

= +{[Crni ik + Brnnia 1 + imen@]Vm}ln -

—{[Corn Vi + Binnia @rie — ‘menG]?m},n + (23)

H[Bmnia Vik + Amnia Pre + thmnG_)]q}m}ln -

_{[ankiv + Amnkiq).t.k _ iw*E‘mnG]a}m}ln-

Now, we integrate equality (23) over the domain D(z). Applying the theorem of divergence and using the lateral
relations from (14), we arrive at the equality (17).
This time we consider the equation (13) 3, so that after similar calculations it is obtained the equality:

g [(i Kmn®n)  — 0DV — 0Epmn @y + 3&)29] -
+0 [(i xmn@n) + 1wD Vg + WEn @y i + szg} = 0.

To m To (24)

After simple calculations, this relation receives the form:
= (Kmn®mBy — cw?08) + 1Dy (V148 — V,40) +
o}
+£C{JEmn ({DIHG - &)I.k@) - I:Tl Kmn(@'a.n + GG_)n):I .
o m (25)

Now, we integrate equality (25) over the domain D(z). Applying the theorem of divergence and using the lateral
relations from (14), we arrive at the equality (18).
At the end, we will use once again the equation (13) 3 to obtain:
9 [(— Kmn®n) = Dy Vi — 0 Epn @y + = wze] -
TG .m ' TG
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—0 [(T_lo Kmn G_)n)

+ 1Dy Vg + WEn @i + Ticoz@] = 0.
1]

am (26)
After simple calculations, this relation receives the form:
thmn('l?mG_) + ]?I.kg) +
@By (B100 + ©,48) = |- 16,1, (60, — 05,)] -
To m 27)

Finally, we integrate equality (27) over the domain D(z). Applying the theorem of divergence and using the
lateral relations from (14), we arrive at equality (19).

In this way, the proof of Theorem 1 is finished.

Two more auxiliary identities will be obtained in the next theorem. Our main result will also be based on these
two auxiliary identities.

Theorem 2. If the ordered array (Vn, @1, @) is a solution of the boundary value problem P then there are
satisfied the following two equalities:

Jo(z) [Cmnia Ve Vi + Amnia ®nm Pri]dA +

+ Jn{z} {ankl [v:,;;a)m,n +'|7;,;z¢m,n] —3w?(pV,, V,, + Imncbch)n)}dA

—2iw | @ {Dyn(0V — OV, ) + Epn (0D, — 0, ) }dA —

Wbz {Dinxp(©pVik — 0 Vik) + EinXp (0 3P — 8, @) JdA

= — = oz, {CamuaVok + Bamia @1 — 100D3,0]x, Vyn p }dA —

— o UCamia Vi + Bamua®rxc + 10D 3 8] Vi p }dA —

_;_z [ {[Bamui Vik + Azmia @i — 1wE31,0]x, @y p }dA — o8
— oz ([Bamia Ve + AsmiaBric + 10E3n 0]x, @1 }dA +
2 Lo ey Z[Comnia Vi Vi + A @ @] dA +
2= Lo 2B [Vix®rie + Vi ®rie] — peo?Vyu i JdA
— 2 [ (102D (07, — BV, ) }dA —
—;—z Jopz) {(10ZEn (0B, — 8Py 1n) = 2Ly 2@, B, }dA

+ Lopeey oMy (Amwnanﬁ%% + Biapnang o1 22k 4 CrapMang ot 225 ) ds,

fD{z} T—lo (xmnG.m@n — SCMEG@)GIA +

+ jﬂ{z] 10 Epy (@10 — @10, )dA +

+ jD{Z] 1Dy (V140 — V4,0 ) dA
ae de

1
+j6D{z} T—prnpxaﬁnanga Eds =

(29)
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- ;_z D(z) T_10 [Xak3p(0.40 5 + 0,40 5) + xak33(030, + 030,,)]dA —
_;_ZJD{Z} %(@3&3@3 — Kgp G,a@,ﬁ’ + chGIG_))dA_

Proof. Taking into account equations (13) 1 and (13) 2, the following equality is obtained:
{[Cmnklvi,k + anki {DLH - imen@]Jn + prVm} xpl'_}i,p +

Bt Vo + Amnict @i — mEmn@]Jnxp-:in +

+ Emny [Cojra Vo + Bnjia@rx — 1Dy 0)x, @y py + Ly @22, @y, @ +
+ {[Cmnkiﬁi,k + Bkt @ik + thmn@],n + pwzﬁm} XpUpp + (30)
+[Brmit Vi + Amnia Pric + 10Emn®] | xpPrmp +

+ €mny [Cojra Vok + Bujia@rx + 1Dy 8]3, @y py + L @22, @y, @, = 0.
After simple calculations, this relation receives the form:

{[Cmnkiv.t,k + ankiq}Lk _ "':"‘}Dmn@]xpvm,p}’n _

- [Cmnkivi,k + anqu}hk - L':‘L'}'I-}rnn'g']xp['_!1',;3_}' +ﬁw2xpvm['_fm,p +

+{[ankiv.t,k + Amnkiq).t,k _ ‘C‘JEmnG]xp{T)m,p}Jn _
_[anki vi,k + Amnki{bi,k - m‘JEmn@]3’5;3&)1'11,;”' +

+ Emny [Cojra Vo + Bnjia@rx — 1Dy 0)x, @y py + Ly @22, @y, @ +

+{[Cmnk.tﬁi,k + B @y + ‘wpmn@]xpvmp}ﬁ - (31)

- [Cmnkiﬁi,k + anklai,k + L':‘L:“I--}rrm:@]xpI'Jm,pﬂ: +Pw2xp1_fmvm,p +
+{[ankiﬁl,k + Amnkia).t,k + ‘C‘JEmnG_)]qu)m,p}Jn _
_[anki ﬁi,k + Amnki'ﬁfi,k + KOEmnG_)]qu)m,pn +

+ Emny [Anjia Vi + Bujra @ik + 1Dy 0], @y + Iipn@?2, @y, @y, = 0.
We can rewrite this equality as follows:

Conmit Vi Vi + Amnia @in @i +

+anki (vi,k{f)i,n + Vi,kq)m,n) - 3w2(ﬂvmﬁm + Ji'mn'[Dm'tf)n) -

—210D 1y (OV, — OV, ) — 210 E ;1 (0D — 0D 1)

— 1wD Xy (G)Jpﬂ,k — @Jp'l?m) — 1WE Xy (BJpﬁT)nJm — G_),pcbn,m) =
- _{[Cmnkivi,k + Binnki q}Lk - ‘menG]xp?m,p},n -

_{[Cmnkiﬁi,k + anki{fi,k + ‘wpmn@]xpvm,p}ﬂ _

—~{[Bmnta Vik + Amnia ®rxe — WEmnG]xP{BmJP},n N (32)
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_{[ankiﬁi,k +Amnk1‘51,k + L':‘L:“I-::ﬂﬂ:rt@]xp‘:D'rn,p}J],t +
+[xpcmnklvi,kﬁl,k + prmnqu}m,na}Lk],p +
+{xmenkI [v.t,k{fm,n + ~l7.t,.fz'Cbrﬂ-,,rr,] _ xppwzvml?m}ﬁ

—{wapon(G'ﬁmm — G_)'I?mm)}ﬁ —

—{thpEmn(@{Bn,m - @(Dn,m) - xpfmnwzq)m&)n}p.

Let us integrate equality (32) over the domain D(z), Applying the theorem of divergence and using the lateral
relations from (14), we arrive at equality:

Jocy [Cmna Vi Vi + Amnia @i @i JdA +

+ oz 1Bmnia [Vik@in + Vi @] = 307 (0 Vi + L @1 @) }dA
~2 [}, ) {Din(0Vs = OVii) + Epin (0@, — 8P 1) }dA —

—t [0 {Dynxp(0,Vk — B, Vik) + Emin X (0, @ — 0, @, ) dA
= — = o) UCsmuaVei + Bamia 1 — 10 D3 O] U }d A —
— = Joo UCamia Vi + Bamua®rxc + 10038 Vi p }dA —
— o UBasmia Vi + Asmia @i — 10E3, 0], B, }dA -
— oy UBsmia Ve + Asmia B + 10E3, 8], @, p }dA +
= Lo ZlCmnia Vi Vi + A @ n® 1] dA + -
+i jD o 2B [VicBin + D@ ] — p0?Vin W }dA

Jp(z) (102D (0T — 8V, ) }dA —

= o) (10ZEmn (0B — B ) — 212D B, }d A
- jaD[z} (3 Vs.p Apsmn Vik + XpVepApsmn Vs.p[npds —
- Jaﬂ{z] [xp{Bsaposmnva + qu)S,poSmnﬁLk]npdS
— Joney [, @< p CosmnPrm + Xp@Ps p CpsmnPrm|npds +

+j5'D[z} xpnp{cmnkiﬁi,kvi,k + A Pk @i +

+ank1 [VI,H{Bn,m + ﬁi,k{bn,m]}ds'
With the help of the lateral boundary condition (14), we conclude that

Vma =0 on dD(z). (34)

Denoting by "l« the components of the unit normal to dD and by Tee the components of the unit vector tangent
to , on the curve we have
av, arv,
Ve = Na am+ o am
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where 9/07 is the tangential derivative.
Considering the lateral boundary relation (14) we obtain that on the curve dD we have IVin /0T = 0, so that
the derivative becomes:

8V,
Ve = Nag— Pl aD. (35)
If we take into account the relations (34) and (35), we can write the last integral from (33) in the form:
Jaﬂ{z] XpTp (Cmnkivn.mﬁi.k + ankivn.m{f).t.k + Amnki{bn.m{f)tk)ds =
aVy B'P; 6'1/’;( 6!13;
an(z) XpMp (Ckmgnanﬁ + Biaip Nghg - (36)
aq:;c a%;
+ARHI,8 nanﬁ an )d .
The other integrals in (33) become:
JBD{Z} [xqf’rlqcprmv;.k +x V Cprmﬁilk]np ds =
avk av;
=2 jan[z} XpTpCrargNa ng—— ds,
JBD{Z} [xqf’rquprm (DI.R + x V Bprki{fl.k]np ds =
_ Eﬂ/’;‘: 3113;
=2 jan[z} XpTy BragNa ng—— ds, 37)

[x ¢FQAPYRI¢IR ‘I‘xq{b Aprkia).t.k]np ds =
a-ta;( alb; ds.

an(z}

zjan[ }xpankmBn ng—_-=

The results from equalities (36) and (37) are replaced in identity (33), so that we obtain the relation (28), that is,
first relation of Theorem 2.
In order to obtain relation (29), we begin with the following identity:

xp@p [(i xmnG.n) — WD Vin — tWE i @rn += wZG} +
T, m Ty

+x,0, [( : Kmn© n) + 1Dy Vi — WEmn @ —I—Tiwzﬁ} = 0.
Jm 0 (38)
After simple calculations, this relation receives the form:
10D Xy (Vam®p — Vam®,) + i
f— J— a J— f—
HOE X (Prm®p — Prm®p) = —%p (5 ©200) + 21108 — .
P
1 _ _ 1 —
~[5 %o Kmn (8,00 + 0,8.,)) x5 (5 *mn@.m8.n)

We can rewrite this equality in the following form:

P

7 KOO — = 0208 + 1 Ey (BB — ) +
1]

+1D X (’l?n.mﬂ. — VB p) = (40)

— 1
= (imzoe) _ [ XpKmn (8,0, +© Gn)] + ( K
To p o P
Let us integrate the relation (40) over the domain D(z). Applying the theorem of divergence and using the
lateral relations from (14), we arrive at equality:
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b & = (Kmn©®mB, — 3cw?08)dA +
| f mEmnxp(q:n,m@,p — ®,,,0,)dA
D

(z)
-I—fD[ 2 1Dy, (”b’anl —V, m0 )dA — o
- - ;z D[Z} x Kgm(g @ +® @n) KmnG @ + _CCU‘ZGG] dA

+ jﬂ'D{z} ™ [xpnpxmnG.mG.n — xpxmn(G.mG.n + G).m@.n)np]ds.

As we showed above, on the curve aD (Z ), the lateral boundary condition lead to:

dae
03=0, 04=n4,

so that, the relation (41) implies (29). The proof of Theorem 2 is finished. O
In the following theorem we will prove two conservation laws which will be used to derive a priori estimation on
a solution of the mixed problem P

Theorem 3. If the ordered array (Vm- Dy, 0) is a solution of the boundary value problem P , then take place
the following two conservation laws:

d 2 i — a —
dz ID(z) w (anVn + Lyn @m Py +T_o@®) dA +

d a — —
+— o T—G(f@g@a@,3 — #ap 0,0 5)dA +

+ = Jo [CraisViesTis + Biais (Via®us + Vis®3) + Axais Pr3 Py 5] dA

(42)
;_zjﬂ{z} [Ckai,{?vk.aﬁi.ﬁ + Bkaiﬁ’ (vk.a{f).t.ﬁ + f”k.a{bi.,ﬁ’) + Akaiﬁ{bk.a{BI.B]dﬂ
+ 2 oy (90D a0V — 8V 0) + 10E g (08 — 8Py, )] dA = 0,
%jg(z] {[Csmk:f”:.k + B3 @y + L'5‘1-“[}3]~1~n@]]*"m}‘fif'i1 -
_;_z.[[;[z] {[CSmkIvI.k + By Prie — LwDSm@]?m}dA +
+;_z.[[;[z] {[Bsmmf”:.k + Az @y + lﬂ"EsmG_)]‘Dm}dA - (43)

_;_z.[[;[z] {[BSmkIvI.k + Az Pri — lﬂ"Esm@]‘T}m}dA =

1 — —
= 2 Joz |7 %sm (80, — 08,,,) | d.
Proof. In order to obtain the (42) we begin by considering again the equations (13) 1 and (13) 2 and deduce the
next equality:

{[Cmnki (Vx.k + Exi {Di) + Bkt P — LmenG]. + psz }Vn 3+

+{[anklv1.k + Amnia Prie — L'5‘b“5'1~1~n~»'3']m +
+Emnj [anki (vi.k + Ekiiq}i) + ank.tq}I.k _ L':‘L:“I--}ru"s'] + Imnwzq}m}a}ns +

+{[Cmnk1 (Vi + €i®:) + Brunia Pre + imen@]Im + szﬁn} Vs + (44)

+{[ankiﬁi.k + Ay @i + L':‘}Emng].m +
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+emn [Cnjir (Vig + €x1i®:) + Bujia®@ix + 1Dy 0] + Ipw? @}, 3 = 0.
After simple calculations, this relation receives the form:

;_Z [P VoW, + Ly @? @, @y + CiziaVisVies + Biaiz(Via @iz + V3 Ppz) +
+Ara13P13Pr3 — Crarp Vi Vieg — Braip (vl.aa}k.ﬁ’ + f’:.aq):z.,ﬁ) —
~Craap Pra®Prp + WDma(OVma — OVing) + 0Ema(0Pma —OPma)| + 45
+[Carz Via Vi + Biars(ViaProa + ViaPieia) + Aiass q’:.sff’:z.a]ﬂ +
+H[10Dm (V3 — OVp3)] | + [0 (8@ 3 — 0Dy 3)]  +

+10D 1 (03 Vimn — 03Vn) + 1WEnn (03@ 0 — 5@, ) = 0.

Let us integrate equality (45) over the domain D(z). Applying the theorem of divergence and using the lateral
relations from (14), we arrive at equality:

d

dz [sz Upm Vin + Lpp@? @ @y, + Cizi3Us 3V13 + Byas (vk.E{BI.E ‘|‘ff’k.3{b:.3) +

D(z)

+Ak313‘bk.3‘5:.3 - Ckai,{?vk.aﬁi.ﬁ - Bkaiﬁ’ (v.rz.a‘f':.,{? + f’k.aq’:.ﬁ) - (46)
—Ararp Proa®rp + WD g0V g — Vi) + 1 E g (0@ 0 — 0D, )]dA +

+ [z [©€0Dmn(85Vmn — ©3Vimn) + 1WEnn (03P mn — ©3Pmn)|d4 = 0.

Based on equations (13) 3, we can write:

CE [T_lo Kmn @ mn — tw(Dmnvm-n + Emnq)m.n) + TEU wz@] +

1 _ _ _ a@ o
T3 |7 Kmn®mn + 16 (Dren P + Emn B + 7 070 = 0,

(47)
and this equality can be written in the form:
dfa 5,.= 1 = 1 -
E(T_Uw 00 +T_0K338'3®'3 —T—chaﬁ@.a@.g) +
2 — = =
+(2%030385) +10Dn(05Vn — 85Vinn) +
lu] g (48)

+HWEpy (03B, —03®,,,) = 0.

Let us integrate equality (48) over the domain D(z2), Applying the theorem of divergence and using the lateral
relations from (14), we arrive at equality:

df (a 2@@+1 0,06 ! GJG_))dA-I—
dz bez) T{]w T, K33U 33 T, Kag¥ Y p

+Jpzy [1€0Dmn (0 3Vmn = 83Vinn) + 10 Enn (€ 3P mn — 03P )|dA = 0. o)

By combining equalities (49) and (46) we are led to equality (42).

In order to obtain the conservation law (43) we just need to equalize the right-side members of relations (17) and
(19). In this way, the proof of Theorem 3 is finished. [l

We can obtain different measures for the amplitude (Vm- Do, 0) by combining the relations (16)-(19) from
Theorem 1 with the identities (28)-(29) of Theorem 2 and the conservation laws (42)-(43) from Theorem 3. Based
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on these measures, it is possible to deduce some spatial estimations in order to characterize the spatial evolution of
the respective amplitude.

First such kind of estimate is deduced in the next theorem.

Theorem 4. Ifthe ordered array Vs @, 0) is a solution of the boundary value problem P , then takes place
the following estimate:

D{Z] [Conict Ve Vik + Bt (Ve @ik + Voo @ik ) + Amnict P @i —
0 (PVinVn + nin @ P + @-3)+ Kimn@mB | dA +

+ Jpezy [10Dmn(8Vp i = evn,m) + amEmn(ecbm —0D,,,)]dA =

==/, @ UCsmuVik + Bamua ®@1x — 1wD 3 0]V }dA + 50)

- Joe + {[Comia Vi + Bamia @y + 10003, 8] Vi }dA +

oo ([BamaVek + Asmia@rie — 10E3, 0] B, }dA +

- Jo e ([Bamia Ve + Asmia®rie + 10E3, 8] @y }dA +

L

dzjﬂ[z] - —133(00; + 00 3)dA.

Proof. This estimation can be immediately obtained by combining relations (16) and (18). 0
In the following theorem is formulated another a priori estimation on the amplitude.

Theorem 5. If the ordered array (Vm- Dy, 0) is a solution of the boundary value problem P , then takes place
the following estimate:

jg(z] [Cmnkivn.mf’).t.k + anki (vn.m{f).t.k +ﬁn.mq)1.k) + Amnki{bn.m{f)tk +
+Tixmn@,m@,n + w? (pv A A @@)] dA —

Vg 5'1;'; Vg 3!13;

j@D{z} Xphy (Ckmﬁnanﬁ on —I—Bmmnanﬁ on on
+A nnaﬂam) — ixnfc nna—G@sr—
"“‘ﬁ“f"a aD(z) T, P P EBTaT B gy an

= D[z} [(ASmkIka + Bamia Prx iWDsmT) (T”n + xpff’m.p) +

+(A3mk{b’1.k + Bama @i + 10D3,,0)(Vy + x, Vi p ) |dA +

+;_z.[[;[z] [(Bamu Vig + Campa @rxe — 1wEz T) (D + xp&)m.p) +
+(Bamia Vik + Camua @y g + 10E3,,0) (@, + 2, @y, )] dA + 51)
+dzjmz} - —1x33(00; +00;)dA +

+d2 _[D{z} T [K3a(@.a@.,€ + GI!TG_),B) + K3z (@.G’GG + Bagg)]dﬂ +

+ Jn{z} z[Ak313 Vi3 Vs + Braiz (Vi a @iz + Via®ma) + Carz P3P

+ Z[Ckm,ﬁvm.aﬂm.,ﬁ + Bkmﬁ’ (vm.a'a)m.ﬁ’ + ﬁ:’.aq}m.,ﬁ) + Cka.tﬁ’ q}m.aa}m.,ﬁ’]
+210[D i (OV, — OV ) + Eio (00, — 80, )] +
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+ %(Kgsg,gg,g — chﬁ"@,a@.ﬁ’) + zw? (pvm[’_fm + I P Py + TEOGG_)) ] da.

Proof. The estimate (51) is immediately obtained by combining the results from relations (28) and (29), from
Theorem 2, with the estimate (50) of Theorem 4. =

Based on identity (51), we will obtain our main result regarding the spatial behavior of amplitude. First, we need
to specify the assumptions we need to obtain rigorous results, which are not very restrictive, are frequently used in
mechanics of solids. So, we suppose that the thermoelastic tensors of Cosserat bodies satisfy the condition of strong
ellipticity, that is,

Cmnkifm‘fknnm >0,
Brnki §méxnm > 0, for all non — zero vectors (§1,82,§3), (11, M2, 13), (52)

Amnki fm ‘fknn m = 0.

Other conditions we impose to the ;peciﬁc heat @ and to the tensor of conductivitjr Kmn, namely:

€ >0, Kpnémén = 0, for any non — null vector (&,,¢,,&3). (53)

From (52) it can be deduced that

Crazéxés > 0,
Byaiaéié, =0, for any non —null vector (&,&5,&3), (54)

Az > 0.

The geﬁulagtyo condition imposed on the curve 9D ensures the existence of the constant o = 0 5o that
XpTp = o . As such, the following inequalities can be obtained:

av, av, av, d, D, 0D,
0= LD[Z] xpnp C;‘,mﬁnanﬁ EE -I—ZBmmnanﬁ aﬁ -I—C;mmnanﬁﬁﬁ ds

WV 8V 0% ai:m)
< Tmm
= MC JBD(Z} (an an dn  dn d (55)
Above we used the notations:
C= sup (E2+E&2),
(§1.42)€dD (56)
M = [ChaipCharp + 2Braip Braip + AxarpAxcup- (57)
Also, the tensor of conductivity ¥mn must satisfy the conditions:
1 88 a8 CK de 88
= — [ ——— = — —_ —
0= jan[z} Ta XpNpKaplalls an an = Ta Jaﬂ{z} an dn S (58)

in which the constant M was introduced in (57) and the constant K is:

K = "Ka,{?xaﬁ- (59)

% *
Now we need to introduce the constants @n, Mo, W1, and M1, through the following relations:
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] (aUmBIT'm . 3¢m8$m)ds

aD(z) '

wy = —CMmU, my = max ——-2n On_dn 0on
2] ze[0.L] fpc'z:,'[Ume""bm‘t’m}dS

(60)
[ 2038
8D
w; =—CK'ml, my; = max "9D(z)3non
ze[0L] Jp(©@®ds (61)
We need to suppose that
My = Mg, My = mj, (62)
w > w* = max{w,;, w;}, (63)
£ *
in which the constants 71 and Mn are defined by:
3080
. Jap(zy 33595
m; = max D@ onon"
@€EH; (D) fpcmTG'dS (64)
BV Vi 0 mdBm
*® faDEZI( dn_8n  dn an }ds
My = max 2 = :
ch'z:,{Vme'i"tm‘t’m}ds (65)

1 1 1
where the last maximum is computed for Un € Hy(D), ®m € Hy(D ), in which o (D) is the known
Sobolev space.
So, we get, for the frequency of vibration, an explicit critical value, which is:

. 1 | .
w" = maxy{-CMmg,, —CKmj .
P a
Now, we can obtain the main result of our study, namely, an estimation of the spatial behavior of the amplitude

Uy P G’) which is deduced by combining the results from above relations (51), (55), (58) and (62):
d

. D(Z] [(Campa Vik + Bamia @rx — twD3,0)(Vy, + xp[?m.p) +

+(Camua Vi + Bamua @1 + 10D 3,0) (Vi + % Vi p ) |dA +

+;_z.[[;[z] [(Bamia Vir + Azmia @ik — 10E3,0) (P, + xp(f)m.p) +

+(Bamia Vi + Azmia @i + 1wE3,0) (@, + 2, @) |dA +

+;zfﬂ[z] . 2 [x25(0,05 +0,05) +x33(0,03 +0,05)]dA +

o - [x33(903 +00;) +zw? (pv V4 1 @8, + — @@)] dA
EJD{Z} Z[CHSISVH.SVI.S + BHSIS (VH.SCDI.S + vk.S{DI.S) + ARSIS {DH.SCDI.S]

—Z[Cka:ﬁvk.af’:.ﬁ + Braip (vk.a{f).t.,ﬁ’ + f’k.aq’:.ﬁ) + Akaiﬁq}k.a{f).t.,{?] +

~210[D (Vg — OVio) + Eee (0@ e — 00, )] +

+ Tio(h:gg@,g@,g — k5048 5) + 202 (mel_"m + 1, @B, + %@@)] dA =

= oz [Conntt Ve Vi + Brnit (Ve @rie + Vom @) +

A g Prm® i + - K ®m®, ]a‘A

In this way, the proof of Theorem 5 is finished. U

(66)
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4. Conclusions

It is worth noting that the inequality (66), of differential type, differs essentially from the other inequalities that
are used to obtain the estimates of Saint-Venant type. In order to obtain our spatial decay, we used some auxiliary
identities which are based only on the strong ellipticity hypotheses imposed to the thermoelastic tensors. As such,
our estimates can be applied to many different materials.
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