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Abstract 

The steady magnetohydrodynamics (MHD) axisymmetric flow of nanofluid 

and heat transfer past a horizontal stretching cylinder embedded in porous 

medium in presence of velocity slip has been investigated.  In this study, 

aluminum oxide nanoparticles are dropped in base fluid: water to make 

nanofluid. Applications of similarity transformations convert the partial 

differential equations corresponding to the momentum and heat equations 

into highly non-linear ordinary differential equations. Numerical solutions 

are obtained using the shooting technique with Runge-Kutta method. The 

influence magnetic field, porous medium, curvature parameter, slip and 

nanofluid volume fraction on velocity and temperature are analyzed in 

detail. The results show that an increase in the slip parameter leads to an 

augmentation in the fluid flow away from the wall and also in heat transfer 

characteristics. When the volume fraction of nanoparticles increases and the 

slip increases, the heat transfer rate declines, but the heat transfer is 

enhanced when the curvature parameter rises. This work brings valuable 

perceptions on the behavior of nanofluids which have wider engineering 

applications particularly in heat transfer improvement and flow control 

around cylindrical surfaces. 
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1. Introduction 

Heat transfer is a vital area of research which has wider applications in several fields mostly in thermal 

engineering. Heat transfer also plays a vital role in industrial growth as exchange of effective thermal energy is 

essential for industrial facility. In recent years, the use of nanofluids is remarkably increased in industrial sectors as 

it is used now-a-days as an advanced approach of enhancing heat transfer [1-6]. This novel concept of nanofluids 

was first introduced by Choi [7]. Xuan and Li [8] examined the enhancement of heat transfer efficiency through the 

use of nanofluids.Convective heat transfer of a Cu-water nanofluid passing through a circular tube was explored by 

Heris et al. [9]. Mukhopadhyay[10]studied characteristics of heat transfer for unsteady MHD flow over a non-

isothermal stretching surface. Study of flow and heat transfer of Williamson nanofluid was inspected by Nadeem 
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and Hussain[11]. 

 Porous media is a surface containing several voids filled with fluid and has vast applications in several 

industrial processes like evaporative freezing, reverse osmosis, heterogeneous catalysts, processing of crude oil, 

casting, etc. [12]. To enhance the heat transport in industrial sectors, recently, the use of porous media has been 

started [13]. Basically, due to presence of porous media, the contact area of solid-liquid surface increases [13]. 

Conversely, the effective thermal conductivity of nanofluid is enhanced due to the dispersion of nanoparticles [13]. 

Thus, it is expected that use of porous media and nanofluid can noticeably enhance the competence of usual thermal 

systems [13] . 

 No-slip boundary condition (the supposition that a liquid adheres to a solid boundary) is one of the central 

tenets. There are certain circumstances where no-slip boundary condition does not hold. A phenomenon known as 

velocity slip has been detected in certain situations when fluids fail to adhere to the solid borders. Andersson [14] 

studied the flow over a stretching surface in presence of slip. Abbas et al. [15] reviewed the influences of slip and 

heat movement in a viscous fluid past an oscillatory stretching surface. Mukhopadhyay [16] inspected heat transfer 

for unsteady mixed convection flow with slip over a porous stretching surface. Gbadeyan et al. [17]  scrutinized the 

impact of variable thermal conductivity and viscosity on Casson nanofluid flow providing critical perceptions 

connected to convective heating and velocity slip conditions. 

 The flow and heat allocation of a viscous fluid in presence of magnetic field have widespread applications 

in several engineering fields, including MHD power generation, plasma research, petroleum processes and boundary 

layer management in aerodynamics. To control the boundary layer behaviour, numerous artificial procedures have 

been invented, among which the application of MHD principles stands out as an important method for operating the 

flow field and adjusting the boundary layer structure. Sheikholeslami et al. [18] explored the influences of thermal 

radiation on flow and heat transfer of MHD nanofluids via a two-phase model. Ghosh and Mukhopadhyay [19] 

reviewed the MHD Casson nanofluid flow past an exponentially stretching permeable sheet in presence of slip. Dey 

and Mukhopadhyay [20] inspected the flow of MHD nanofluid over a plate with chemical reaction and zero 

nanoparticle flux. Khan et al. [21] explored the heat and mass transport for MHD flow of Williamson nanofluid past 

a stretching sheet. 

 The study of hydrodynamic flow and heat transport due to stretching surfaces, such as cylinders, have 

drawn interest of the researchers due to their importance in engineering sectors and also for crucial role in 

developments of several technological items [22-24]. Wang [25] studied fluid flow past a stretching cylinder. Ishak et 

al. [26] reported the consequences of fluid flow and heat movement over a stretching cylinder considering the 

impacts of uniform suction or blowing. Mukhopadhyay [27]  carefully examined magnetohydrodynamics (MHD) 

boundary layer slip flow past a stretching cylinder. Ashorynejad et al. [28] inspected the flow of MHD nanofluid and 

heat transfer owing to a stretching cylinder. Flow of Casson fluid past a stretching cylinder in presence of magnetic 

field was examined by Tamoor et al. [29]. Mishra and Kumar [30] studied the impacts of velocity and thermal slips 

on MHD nanofluid flow due to a stretching cylinder. They also reported the influences of Joule heating and viscous 

dissipation. Sowmiya and Kumar [31] explored the behaviour of MHD flow of Maxwell nanofluid due to a 

stretching cylinder within a porous medium. They used two phase model for nanofluid and considered the influences 

of activation energy and microorganisms. 

The use of both nanofluid and porous media has attracted large amount of attention of the technologists due to 

advancement of heat transfer and it has directed to investigate extensively on this particular area.  Motivated by the 

huge applications area of nanofluid flow and heat transfer past a stretching cylinder in porous medium, an attempt 

has been taken here to explore such problem with the help of single-phase model of nanofluid considering water as 

base fluid and 2 3Al O  as nanoparticles. This study remarkably inspects the flow and thermal behaviour of boundary 

layer axisymmetric 2 3Al O -water nanofluid flow over a stretching cylinder embedded in Darcy porous medium 

taking the combined effects of velocity slip and externally applied uniform magnetic field. According to the author’s 

knowledge, no one has yet handled such problem. This focuses on the originality of the present research work. 

Using similarity transformations, momentum equation is converted to third order and heat equation is transformed to 

second order differential equations involving numerous dimensionless parameters of the problem. Numerical 

calculations are carried out with Runge-Kutta method via shooting technique and the results are presented through 

graphs and table. Detail analysis reveals that flow field and heat transfer are significantly influenced by the velocity 

slip parameter. 

 

2. Formulation of the problem 

Consider the steady axisymmetric boundary layer flow and heat transfer of nanofluid with 2 3Al O  as nanoparticles 
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and water as base fluid past a horizontal stretching cylinder in porous medium in presence of uniform magnetic field 

applied in the perpendicular direction of the flow (see, Fig.1). During the heat transfer process, surface temperature 

of the cylinder i.e. temperature of the wall of the cylinder may remain uniform or it may vary with the distance. So, 

in this study, two types of surface temperature: Uniform Wall Temperature (UWT) and Variable Wall Temperature 

(VWT) are considered. 

 

 

 

 
Fig1: Sketch of the physical flow problem 

 

Generally, Darcy term is used in modelling flow through porous medium. According to Darcy (1856), the 

pressure gradient has a direct relationship with the volumetric flux of fluid across porous medium. Darcy's law suits 

well only when the velocity is low and the porosity of the medium is low [12].  Therefore, under boundary layer 

approximations, the governing equations and the associated boundary conditions can be written as follows[32, 33]: 

 

2.1.1.  Equations for fluid flow 
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2.1.2. Associated boundary conditions for fluid flow 
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2.2.1.  Equations for heat transfer 
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 2.2.2.  Associated boundary conditions for heat transfer 

  

Case-I: Uniform Wall Temperature (UWT): 

    The boundary conditions can be stated as  

                                                    wT T= at r R= ,      

 (5a)T T→  as .r →                                          (5b) 

Case-II: Variable Wall Temperature (VWT): 

   For this case the appropriate boundary conditions are  
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Here, u and  characterize the components of velocity respectively along the x and r -axes, nf

nf

nf





= indicates the 

kinematic viscosity of nanofluid whereas dynamic viscosity of the same is nf  and nf  signifies the density of the 

nanofluid, n fk represents the effective thermal conductivity and ( )p n f
c stands for the effective heat capacitance, 

electrical conductivity of the nanofluid is nf , 1k  denotes the permeability of the porous medium. T symbolizes the 

temperature and 
T denotes the free stream temperature. 0B represents the uniform strength of the magnetic field. 

Here 0( )
U x

U x
L

= is the stretching velocity while 0U  is the reference velocity, 1B is the velocity slip, 0T  is the 

reference temperature and N represents the temperature exponent. Also, L denotes the characteristic length.  
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Here,   is the volume fraction of the nanoparticles. The subscripts f, s, and nf are used to mention the base fluid, 

solid nanoparticles and nanofluid respectively. 

The thermophysical properties of water and 2 3Al O are given in Table 1 [36]. 

 
Table 1: Thermophysical data for water and 

2 3
Al O -nanoparticles  

Physical Properties Water 2 3Al O  

3( / )kg m  997.1 3970 

( / )pc J kgK  4179 765 

( / )W mK  0.623 40 

1 3 3 2( )kg m s A − −
 0.05 73.69 10  

 

2.3. Similarity Transformations 

Let us consider the subsequent similarity transformations [37], 
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With the use of (7)-(9), the governing equations reduce to 
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The boundary conditions become, 
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denotes the slip parameter. 

3. Numerical computations  

The above equations (10), (11) or (12) along with the boundary conditions (13)-(14) are solved by altering them 

to an initial value problem (IVP). For this we put 
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The boundary conditions are 

( ) ( ) ( ) ( )' 0 1 B 0 , 0 0, 0 1
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= + = =     (17) 

To integrate the equations (15), (16a) or (16b) as an IVP one needs )0(p  i.e. (0)f  and )0(q  i.e. (0)  but 

there are no such values. The guess these values (0)f   and (0)  are selected for performing the integration. 

Comparing the computed data of andf   at 8 = = (say) with the specified boundary conditions and also 

adjusting the guess values of (0)f  and (0)  appropriate numerical computations are conducted. Sequences of 

values for (0)f  , (0) are selected in this case and Runge-Kutta method of fourth order with a step size of h=0.01 
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is used. This numerical procedure is repeated until the converged results are received within a limit of 610− . Detailed 

phases for the numerical calculations have been revealed in Fig.2. 

 

 

 

 

 

 

 

 

Boundary value problem:  

Equations (10)-(14) 

Initial value problem (IVP): 

Equations (15)-(17) 

Guess all absent values of: 

p(0), q(0)  

With 4th order Runge-kutta 

method to solve IVP 

numerically 

Alteration of initial 

guesses by shooting 

technique 

Calculations of 

boundary residuals 
If boundary residuals  

610−  

If boundary residuals < 
610−
 Final solution 

 
 

Fig2: Phases for numerical calculations 

 

 

3.1. Validation of results 

                To examine the accuracy of the method used in this study, the data for [ '(0)]− are matched up with the 

existing data of Grubka and Bobba [38], Ali [39], Ishak and Nazar [40] and Mukhopadhyay et al. [37] for the various 

values of temperature exponent N as stated in Table 2. Our outcomes are in perfect agreement with their results and 

this gives us immense confidence to carry on the numerical computations for other parametric values. Moreover, 

none of them considered nanofluid flow in porous medium. Therefore, the present findings are different from their 

publications as our results are for nanofluid flow past a stretching cylinder in porous medium. So, more important 

and attractive features regarding flow and heat transfer behavior have been reported in our study. 

 

4. Results and discussions 

 To provide a complete analysis of nanofluid flow and heat transport over a horizontal stretching surface, 

numerical data are presented through Figs 3(a)-8(c) and Tables 2-3. The main intention is to accomplish better idea 

about the fluid flow problem. For this purpose, firstly, the influences of   (curvature parameter) on fluid velocity in 

cases of slip and no-slip at the boundary are presented through Fig.3(a). Horizontal velocity exhibits that the rate of 

transfer of momentum reduces with the rising distance  commencing from the sheet. In both cases, the velocity 

reaches to zero at some larger distance from the sheet (nearly at 10 = ). In the absence of slip, flow velocity rises 
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with the rise in curvature parameter   [Fig.3(a)] which is consistent with the findings of Mukhopadhyay [27]. 

However, in presence of slip, the velocity declines at first (near the surface) but after a certain distance from the wall 

(just after the crossing over point), it augments with swelling values of   [Fig.3(a)]. Initially, the velocity declines 

owing to slip at the wall. Higher velocity is observed for no-slip at the boundary compared to slip [Fig.3(a)]. It is 

noted that 31.64% increase in fluid velocity occurs at  =2 when the curvature parameter increases its value from 0.1 

to 0.9 in presence of slip (when B=0.5). Such result has various applications in engineering sectors. For example, in 

microfluidic devices, slip at the boundary assists to decrease drag and thus helps to advance the movement of fluid 

through channels of micro diameter. Temperature is noted to increase with the growing values of curvature 

parameter   [Fig.3(b)]. This impact is higher in case of slip at the boundary [Fig.3(b)] compared to the no-slip case 

[Fig.3(b)]. Basically, with the change in , lateral surface of the cylinder changes which has significant impact on 

velocity as well as temperature. 31.25% rise in fluid temperature happens at =0.7 when  rises its value from 0.1 

to 0.9 for the case of B=0.5. 

Table 2: Values of [ '(0)]− for some values of temperature exponent N 

 

 Influences of nanoparticle volume fraction on ( )f  and ( )  are displayed through Figs.4(a)-(b) 

respectively. Velocity decreases due to rise in  for both cases of slip and no-slip [Fig.4(a)]. Basically, with the rise 

in  , frictional force increases and so fluid velocity diminishes. Compared to slip, higher velocity is observed for 

no-slip boundary condition [Fig.4(a)]. Fluid velocity decreases 1.13% at  =2 when nanoparticle volume fraction 

increases from 0.0 to 0.06 in presence of slip (with B=0.8). Fluid temperature is found to increase for mounting 

values of . Higher temperature is observed in case of slip compared to no-slip case [Fig.4(b)]. When the 

nanoparticle volume fraction increases from 0.0 to 0.06, fluid temperature increases by 36.19% at  =1.2 when there 

is slip (B=0.8). 
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Fig.3(b): Effects of  on  ( )  

 

 

 

 

Fig.4(a): Effects of  on ( )f   

 

Fig.4(b): Effects of  on  ( )  

 The impacts of slip parameter B on velocity and temperature are shown in Figs.5(a)-(b) for both presence 

of magnetic field (i.e. M=0.3) and absence of magnetic field (i.e. for M=0). Due to slip parameter B, the velocity of 

the fluid diminishes initially but far away from the wall, it is found to augment for both presence of magnetic field 
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(i.e. M=0.3) and also in the absence of magnetic field (i.e. for M=0) [Fig.5(a)]. There is a variance between flow 

velocity near a stretching wall and the stretching velocity of the wall when slip occurs. As the value of B rises, the 

slip velocity increases, leading to a decline in fluid velocity. This reduction in flow velocity happens as under slip 

condition the dragging motion of the stretching wall can only be partially transmitted to the fluid [37]. Compared to 

no-slip case, 23.3% decrease in flow velocity is found at  =2 with slip (B=0.8) in presence of magnetic field. 

Temperature rises with growing values of slip parameter B for both cases of M=0.3 and M=0. Also, superior 

temperature distribution is noted for presence of magnetic field [Fig.5(b)].  Compared to no-slip case, 11.76% rise in 

fluid temperature is observed at  =0.2 with slip (B=0.8) for M=0.3. 

 

 
Fig.5(a): Effects of B on ( )f   

 

 
Fig.5(b): Effects of B on  ( )  

 

 Consequences of magnetic parameter M on fluid velocity and hotness field are stated respectively by 

Fig.6(a) and Fig.6(b). From Fig.6(a) we see that the momentum boundary layer thickness declines for the increasing 

M. Actually, with the mounting M, Lorentz rises and this force opposes the fluid flow. Therefore, velocity reduces 

with the rise in magnetic parameter M [Fig.6(a)]. Compared to slip, higher velocity is detected for no-slip condition 

[Fig.6(a)].  42% reduction in flow velocity is noted at  =2 when the magnetic parameter M increases its value from 

0.2 to 0.8 in the presence of slip (when B=0.5). For both slip and no-slip cases, fluid temperature enlarges with the 

increasing values of M leading to rise in thermal boundary layer thickness [Fig.6(b)]. Here, compared to no-slip, for 

slip superior temperature is perceived [Fig.6(b)]. 15.35% increase in temperature is found at  =0.7 when the 

magnetic parameter rises its value from 0.2 to 0.8 for B=0.5.   
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Fig.6(a): Effects of M on ( )f   

 

 
Fig.6(b): Effects of M on  ( )

 
 

Fluid velocity diminishes with the rise in permeability parameter K of the porous medium [Fig.7(a)]. 

Higher velocity is observed for no-slip case [Fig.7(a)]. 32.95% drop in fluid velocity is detected at  =2 when the 

permeability parameter K enhances its value from 0.1 to 0.5 in the presence of slip. Temperature is found to rise 

with the rising permeability parameter [Fig.7(b)]. Compared to no-slip case, higher temperature is noted for slip case 

[Fig.7(b)]. Basically, the permeability of the medium represents the ability of the material of the porous medium to 

allow the fluid particles to pass through it. Moreover, permeability parameter K is inversely proportional to the 

permeability of the porous medium k1 which can be found from the expression 
0 1

K
f L

U k


=  . So, rising values of 

permeability parameter K restrict the fluid flow as the permeability of the medium (k1) diminishes in this case. As a 

result, with the enhancing values of the permeability parameter, the restriction to the movement of nanofluid rises 

which slows down the fluid flow. So, the temperature rises in this case. 50% increment in fluid temperature is noted 

at  =2 when the permeability parameter K rises its value from 0.1 to 0.5 in the absence of slip.   
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Fig.7(a): Effects of K on ( )f 

 

 
Fig.7(b): Effects of K on  ( )  

 Fluid temperature is noted to decline for rising values of temperature exponent parameter N for both slip 

and no-slip boundary conditions, also compared to no-slip, advanced temperature is remarked for slip case [Fig.8]. 

Also, temperature overshoot is observed near the surface for N 1.5= − [Fig.8]. 40.9% reduce in the temperature of 

the fluid occurs at  =1.5 when the temperature exponent parameter N rises its value from -1.5 to -1 for B=0.5.   

 

 
Fig.8: Effects of N on  ( )  



Journal of Computational Applied Mechanics 2025, 56(2): 380-395 391 

 

Fig.9(a): Variation of (0)f  with B for several values of  and   

M=0.2, Pr=6.2, K=0.0

 

Fig.9(b): Variation of (0) with B for several values of  and   

 
Fig.9(c): Variation of (0) with B for several values of N 

 

 

Velocity gradient at the surface (0)f  rises with the swelling of   and (0)f  declines with the growing values 

of   [Fig.9(a)]. Also, (0)f  rises with the boosting values of B [Fig.9(a)]. In the absence of slip (i.e., B=0),  
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16.67% increase in velocity gradient is observed when  rises its value from 0.01 to 0.09 and 8.3% reduction in 

velocity gradient is noted when  rises its value from 0.4 to 0.8. For slip at the boundary, a relative motion between 

the nanofluid and the surface occurs which creates a flow resistance and it increases as slip increases at the 

boundary. The figure displays that shear stress at the wall is negative. Physically, negative sign of (0)f   indicates 

that the surface pulls the fluid, and a positive sign specifies that the surface releases fluid. Temperature gradient at 

the surface (0) is initiated to diminish with the swelling values of   but (0)  rises with the growing values of 

 and B [Fig.9(b)]. This result can be used for cooling purposes, for example, cooling of heat exchangers, cooling of 

turbine blade etc.  It is obvious that the heat transfer rate at the surface reduces with the rise in   since Nusselt 

number [given by 
(0)

Re
Nu

 −
= ] reduces when (0) rises with the rise in  . 23.3% enhance and 12.64% decrease 

in temperature gradient is noticed when the nanoparticle volume fraction enhances from 0.01 to 0.09 and  rises its 

value from 0.4 to 0.8, specifically in the absence of slip. From Fig.9(c), it is found that '(0) reduces for escalating 

values of temperature exponent N, while it slightly increases for the mounting values of B. These findings fully 

agree with the specified data provided in Table 3. It is to be noted that 50.6% decrease in temperature gradient 

occurs at B=0 when N rises its value from 0.0 to 0.8. 

With the rise in K, (0)f  and (0)  both are found to diminish [Table 3]. With the rise in permeability 

parameter K of the porous medium, reduction in the Darcy body force (in magnitude) occurs as the Darcy body 

force is inversely proportional to the permeability parameter. Basically, Darcy body force acts as a resistive force 

which causes to decelerate the fluid particles. This resistance diminishes as permeability parameter K of the medium 

increases. So, the fluid flow experiences progressively less drag. Heat transfer rate at the surface rises as (0)  

reduces with the rise in K [Table 3].  

 

5. Conclusions 

 The objective of this study is to explore the MHD flow of 2 3Al O -water nanofluid past a horizontal 

stretching cylinder in porous medium under the influence of velocity slip at the boundary. Two types of surface 

temperature: Uniform Wall Temperature (UWT) and Variable Wall Temperature (VWT) have been considered in 

this study to explore the heat transfer characteristics clearly. Boundary layer axisymmetric flow and thermal 

behaviour of 2 3Al O -water nanofluid over a stretching cylinder embedded in Darcy porous medium taking the 

combined effects of velocity slip and externally applied uniform magnetic field has not yet been addressed by any 

researcher and thus it indicates the novelty of the present research. Similarity transformations have been used to 

obtain the self-similar solutions and numerical solutions of the problem under consideration are obtained taking the 

help of Runge-Kutta method with Shooting technique. The effects of the different parameters on flow and thermal 

behaviours have been carefully inspected and reported in detail. Owing to slip parameter, fluid velocity reduces near 

the surface but rises away from the wall. Temperature is enhanced with growing values of slip parameter. The 

curvature parameter of the stretching cylinder plays a vital role by influencing the flow and temperature field 

significantly. The velocity gradient at the surface and the temperature gradient at the surface both are found to 

reduce as the curvature parameter rises. Most importantly, it is found that reduction in the temperature of the fluid 

reduces 40.9% at  =1.5 when temperature exponent parameter N rises -1.5 to -1 for B=0.5. This result has 

important aspect as it can be used for cooling purpose by considering Variable Wall Temperature for heat transfer 

problem.  

 This research contributes to the understanding of MHD nanofluid flow past a stretching cylinder in porous 

medium in presence of slip and highlights the capacity for optimizing heat transfer in manufacturing systems.  
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