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Abstract

The current study displays a geometric model of thermo-mechanical
symmetric axial bending of a rotating circular porous plate with gradient
characteristics and exponential porosity distribution. The thermal and
mechanical characteristics of the plate are supposed to be gradient in
thickness direction by an exponential porosity distribution law. Using
Rissner Mindlin's theory known as first-order deformation theory for
small deviation, the equilibrium equations for the bending components are
derived. Novelty of the present study is to present the complete thermo-
elastic solution of FG porous circular plate to study the resulting bending
with distinct boundary conditions. Numerical results for three numerous
statuses of boundary conditions are offered and examined to study the
effect of the porosity parameter it was found that there is a significant
change in the bending components with the variation in the porosity
parameter. We conclude from this the importance of geometric models in
modern engineering mechanical design.

Keywords: Porosity; Bending, Deflection theory; First order deformation theory; Functionally graded;
Circular plate.

1. Introduction

The tremendous progress in industry and the need to produce many composite structures that are produced
from materials that are processed to obtain structures characterized by high rigidity and tolerance to greater
mechanical forces and less weight. These structures have a wide use in the field of civil, military, and marine
engineering in addition to many daily uses in industry. With all this demand in industry, the manufacture of
composite structures is very difficult, especially when they consist of several layers with different material
properties between the layers. Therefore, there was a need to overcome these problems by producing functionally
graded materials to provide better mechanical performance and withstand higher temperatures. During the last
three decades, attention has been paid to the manufacture of FGM’s and many manufacturing methods have been
invented to develop the method of distributing pores in functionally graded materials. Therefore, the current
study is concerned with porous composite circular plates, which are one of the most important structures that we
encounter daily due to their large presence in the manufacture of machine parts, reciprocating presses, and high-
speed ships. In studying the vibration resulting from these structures under the influence of many mechanical
forces, the problem of deformation of these plates arises, which is a necessary matter that must be taken into
account by designers of composite structures. The research presents a case of deformation of porous composite
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circular plates obtaining elastic solutions for stresses and strains and calculating displacement is of great
importance in the field of structural mechanics. Many researchers and studies presented the problem of
deformation in composite structures, including for example, Plaut [1] was interested in studying the thin annular
and circular plates for the problem of deformation resulting from large deviations, strains, and rotation using the
generalized Reissner theory, and shear distortion neglected. Jing and Duan [2] addressed the buckling of disks
with openings using discrete Ritz method (DRM) with certain boundary conditions. Tantawy and Zenkour [3]
illustrate the bending analysis of exponential porous rotating viscoelastic FG plates. Yang et al. [4] examine
bending of 3D mechanical and thermal loads of FG nanocomposite annular and circular disks strengthened with
graphene. Vinh et al. [5] analysed buckling and bending analysis of porous FG discs by first-order shear
deformation notion. Tantawy and Zenkour [6] present the semi-analytical method for porosity influence and
hygrothermal effect on FG porous hollow spheres with electric and mechanical forces. Levyakov [7] investigated
the buckling analysis in FG circular discs whose material characteristics are graded in z- direction. Tantawy and
Zenkour [8] offer thermal effect, magnetic force, rotation, and porosity on FG annular plates with tapered
thickness. Najafizadeh and collaborators [9, 10] used first-order shear deformation theory (FSDT) to study
buckling of FG circular discs with nonuniform and uniform temperatures. Tantawy and Zenkour [11] investigate
porosity distribution (even -uneven) on FG rotating tapered plates with magnetic, electric, thermal, mechanical,
and thermal loads. Allam et al. [12] discuss the semi-analytical technique for thermoelastic solution for FG
annular tapered plate. Ghorashi and Daneshpazhooh [13] calculate the mechanical symmetric load of circular
tapered plates. Dai et al. [14] introduce a rotating circular steel plate with changeable thickness undergoing
thermal and mechanical loading. Khorshidvand et al. [15] illustrate a buckling survey of circular FG plates by
surface-fixed piezoelectric layers considered first-order shear deformation nation. And many research and
scientific studies such as [16-25].

The present goal is to represent a mechanical model of an FG porous rotating circular plate with thickness
h. The material characteristic of the plate is graded along z-direction Compatible with to exponential law. A
novel collection of equilibrium equations in existence of porosity property, small deflections, and by using first-
order shear deformation theory, we get an exact elastic solution for circular porous plate under mechanical and
thermal load. Finally, a comparison of the numerical outcomes of bending components for porous and nonporous
plates for multiple three-boundary conditions demonstrates the importance of the composite porous structure.

2. Detailing of the mathematical model of a rotating circular plate

The research illustrates a circular rotating functionally graded porous plate with radius a and thickness h
axisymmetric about the Z- axis. The circular plate undergoes transversal loads. q,(r), mechanical force and
thermal effect T(Z). By using cylindrical coordinates (r, 8, z), the origin point of the coordinate is similar to the
center point of the plate. Mathematical engineering model was designed so that the lower surface is made of
PZT-4 and is graded in physical and mechanical properties to the upper surface made of Cadmium Selenide. All
physical constants for the two materials are tabulated in Table 1.

Fig 1: Exponential circular rotating functionally graded porous plate.

Table 1: Thermal and mechanical parameters for plate material

PZT-4 [26] Cadmium Selenide [27]
EW = 84 (GPa) E®@ =50 (GPa)
v® =0.31 v® =0.35
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K®P =110 (WKm™) K(“’ 4 (WK 'm™1)
a® =2x1075 (K1) o =2458x107¢ (K1)
p® = 7500 (kg m~2) p™ = 5684 (kgm™3)

3. Porosity characteristic of a circular plate

Assume that the porosity properties vary according to an exponential distribution. Previously, the porosity
properties were shown using a modulated Mooney-kind exponential equation for porosity as [28, 29]

p(2) = po eXp( ﬁﬁ) @

where p, is the characteristic without pores, A is the parameter that defines the pores frame,and 3 (0 <8 < 1)
is the porosity parameter.

Assuming that the thermal and mechanical characteristics of the plate change z-direction of circular porous
plate with gradient properties, zenkour [30] has changed the exponential porosity distribution as

p(2) = pV exp (u (2 +3) - 225), @

where u = In ( (l)) p® and p® are characteristic of lower and upper surfaces of a circular plate, g is porosity
coefficient, and g = 0 for perfect material (non-porous).

4, Thermal formulation

Assuming that the thermal parameters of the plate change in z-direction according to eq. (2), then the Fourier
equation for the temperature in the circular porous plate is [31]

—= (k@ =2) =0, ®

with boundary condition

T@|,__n=Tp, T@I, _n= 4

T2

which k(z) is the thermal conductivity coefficient, T, and T; are temperature at lower and upper surface of
porous plate, sequentially.

5. Displacements, stresses, and strains components

The first-order shear deformation theory (FSDT) is often known as Reissner-Mindlin theory and is used to
study the deflection produced in a rotating circular porous disk where the transverse shear stress is assumed to
be non-zero. Using (FSDT), we find that the displacement components

u,(r,z) uo(r) Y(r)
ug(r,z) ;=4 0 +2z3 0 (5)
u,(r, ) w(r) 0
The strain components as a function of displacement using the von-Karmen type are written in the form [27]
dug dy 1 [dw)?2

ey [atra+i(e)

Egr = Uo + Zﬂ (6)

YT‘Z " d‘;

Y+

By using Hooke’s law, the stress equations in circular porous plate expressed as
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Or Qi1 Q2 0)(& 1 )
Og =101z Q22 0 ({8 —11 :a(z)T(z) @
Orz 0 0 Q66 Vrz 0

where Q,, = % Qi = vff/zz) Q,, = 1E—(1Z;)2 Qss = 2(1 ~. Suppose that thermal expansion coefficient a and

Young’s modulus E follow equation (2).
6. Equilibrium relations
The fundamental virtual displacement states, assuming the body is in equilibrium, then virtual work of

forces will be zero, consider E, is the general strain energy of a circular plate and E,, is general outward
work of circular plates. Then, the total energy E terminated as E = E, — E,,,, were

h
E. = [, o&;dV = foa J*n2m(o.e, + gge9 + arzyrz)rdzdr]
2

8)
h
= - foa [ 2mp(2)r? w?u,dzdr — foa 2nrq,(r)u,dr

2

where g, (r) is perpendicular pressure on a circular plate radius. From concept of minimum overall energy §E =
0, then

d d

Jo d d aw dr =0 ©)
— (E (ro,) + = (rNr E) + rqz) ow
where N,., Ny, M,., Mg, Q,., p; and p, are postulates as:
h
(Nrr NH: Qr ) = f_zﬁ(o-r: 09, Urz) dz
E2
(Mr! MG) = f_zﬁ(o-r: UB)Z dz r (10)

2
h

(p1,p2) = [ p(2)(1,2) dz

where N;, (i = r, 8) are stresses, M;, (i = r,8) are moments, and Q,. is the transverse shear for a circular plate
per unit length.

From the concept of minimum energy (9), the equilibrium relations are as:

—%(rNr) + Ng — pir2w? =0
—i(rM )+ Mg +7Q, — p,r?w? =0 (12)
(rQr)-l' (rrd)+rqz_0

substituting from Eqs. (7) in Egs. (10), we deduce that for small deflection

N, = m10 + (myo — Zmzo) + m11 ar + (mq, — 2m21)_ — M3y

Ny = (m10 2mzo)_ + m10 . °+ (m11 - 2m21) = + m11£ — M3y (12)
M, = m11 + (my; — 27"21) + m12 ar + (my, — 2mzz) — M3y

duo

z,b
Mg = (m11 2m21) mqq 7 + (my, — 2mzz) + My — M3y

where
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h
mll’ = f_zﬂ Qllzi dZ, i = 0,1,2
h2
mzi = f_EE Q66Zi dZ, i = 0,1,2
2
h
mg; = [% Q22 (1 +v)a(2) T(z) z'dz, =01
2

Suppose that overall mechanical and thermal coefficients of the porous circular plate obey porosity
distribution in Eq. (2). Substituting Egs. (12) in Egs. (11), the solution of a differential equation (11) for
small deflection in the form [32]

= 1 1 _ M _B() w? _ 3
v = m _miy (2A2 2myg Al) r T + 8mio (My1p1 — Myp2)T ].
mio
1
Qr = ;frCIz(T)dT,
1 myq B(1) 1 w? 13
Uo(r) = mi; m_11 r T om (Aymy; — Agmy )T — W(mﬂpl - mllpz)rg] ) 13)
mlz_m_w 10 10 10
—_ 1 |[(1 _ My 2 _ w? _ . Y(r)
w(r) = mlz_m_%l [(4142 o Al) r*+ F(r) 32mi0 (My1p1 — MyoP)T — + A3] ,
mio

which Y(r) = [+ (f7q,()dr)dr , BGr) = [rY(r)dr, F(r) = [2B(r)dr and k, is a shear correction
parameter. We have three constant unknowns 4,, A,, A5 that specified by the boundary conditions of porous
plate. After determining unknown constants, we can find displacements and in plate.

7. Bending numerous boundary conditions

The study is concerned with knowing the effect of the bending resulting from a rotating circular plate
made of FGM with an exponential porosity distribution. Therefore, three different categories of boundary
conditions of plate were taken into consideration [33]

1. Roller-propped circular plate

= = = = aw
atr =0 u, =0, =0, @ =0, ~= .} (14)
atr=a w=0, N,=0 M,=
2. Hinged circular plate
dw
atr=0 uy,=0, =0, Q,.=0, d—r—o.} (15)
atr=a u,=0, w=0, M, =0
3. Clamped circular plate
atr=0 u,=0, Y=0, Q =0, =0,
d‘; (16)
atr=a u;=0, w=0, =0, —=

8. Numerical discussions

In this research, the analytical solution of a circular rotating elastic plate made of a FG with properties
that are graded in z-direction is presented. The plate is undergoing an exponential porosity distribution. Plate
is also subjected to thermal influence and mechanical forces. To study the numerical results of the plate, we
assume that lower surface of plate is made of PZT-4 and has properties that are graded in z- direction until
upper surface is made of CdSe material. Numerical results are illustrated and discussed for three several
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collections of boundary conditions with proposal of dimensionless variables in the form

z T — T(2) ]
7 = -, T = -, T 7) = ,
=% 4 a @) T,
— N, — M, _ (o

=——, M =—, Oy =————7F,
" pWw2a2103 " ma?q,107" 7 pWw2a3102

P@ = L0 =exp[u(z+3) - ]

and assuming some numerical constants

w =1000radsec™®, q,=0.014Gpa, z= 0.25,}
T, = 298 K, T, = 373 K.

8.1. Roller-propped circular plate

Figure 2 shows the bending components of bending forces N,, moments M, , radial stresses &, and
displacements u,, w of a roller-propped circular porous plate in the radial direction with variation in porosity
parameter 8 = 0.1,0.3,0.5,0.7 and a non-porous plate § = 0. Figure 2a is value of force N, with changing
porosity coefficient 8. It is clear from the figure that force N, obeys boundary conditions on circular porous
plate. It is obvious that there is an inverse relation among porosity coefficient 8 and force N,., as value of force
N, decreases with increasing porosity coefficient 8. The high-level value of force N,. is accomplished in a non-
porous plate # = 0 and the lowly value of force N, is done at 8 = 0.7. As for the Figure 2b, it shows the value
of the moments M, on the rotating porous circular plate with variation in porosity parameter 8. Figure shows a
direct relationship between the moments M, and the porosity coefficient 8, which highest value of moments M,
is done at 8 = 0.7 and lowest value of moments M,. is expressed in status of non-porous plate 8 = 0. Figure 2b
acquires boundary conditions of the plate, where M, = 0 vanishes at the outer radius 7 = 1. The radial stress &,
curves of the porous plate with several values of porosity coefficient g are seen in Fig. 2c. The results of radial
stress @, curves agree with the results of the forces N, with various porosity coefficients 8. The figure shows
an inverse relationship between the radial stress &, and the porosity coefficient 8, where high-rise value of radial
stress o, is status of non-porous plate § = 0 and lowest value of radial stress o, at § = 0.7. Figure 2d is
displacement value w,. in radius direction 7 with variation in porosity coefficient 8. The figure shows an inverse
relationship between displacement u,. and porosity coefficient §. It is evident that high-level displacement value
u, is done in non-porous plate § = 0 and highest displacement value u, is achieved in g = 0.7. Figure 2e
illustrates the displacement value w in the circular porous plate. From the figure, the displacement w satisfies
the boundary conditions and vanishes w = 0 at the outer radius ¥ = 1 of the plate. It is also evident that there is
a direct relation among displacement w and porosity coefficient 8, achieving highest displacement value w
when 8 = 0.7, while the lowest displacement value is in non-porous plate g = 0.

8.2. Hinged circular plate

The bending components N,, M, radial stress &, and displacement %,, w of the plate in Fig. 3 are studied
with the change of porosity parameter 8 in porous and non-porous plate. Figure 3a discusses the force N,. curves
of the Hinged circular plate with the change of porosity coefficient 8. The lowest value of force N, is done in
non-porous plate § = 0. Figure 3b presents the moment values M, with the rotating circular porous plate
satisfying the boundary conditions, i.e., M, = 0 at 7 = 1. The figure displays a direct relationship between the
moments M, and porosity coefficient 8, where high-level moment value M, is done at 8 = 0.7, while the lowest
moment value M, is done in non-porous plate § = 0. As for the Fig. 3c, it shows the radial stress @, with the
change in the porosity coefficient §. It is evident that radial stress a,- curves join same behavior as force curves
N,. It is clear from Fig. 3c that lowest value of radial stress @, is done in non-porous plate 8 = 0. Figure 3d
displays displacement value u, with different values of the porosity coefficient 8. The figure shows a direct
relationship between the porosity coefficient £ and the displacement w,.. Higher value of porosity coefficient 3,
higher displacement value u,, achieving highest displacement value u, at § = 0.7 . Figure 3e presents
displacement value w in radius direction 7, where displacement value w vanishes at external radius r = 1,
satisfying boundary conditions of porous plate. Behavior of displacement curves w agrees with moment curves
M,, where the highest displacement value w is achieved at § = 0.7 and the lowest displacement value W is
acquired in status of non-porous plate g8 = 0.
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Fig 2: Forces, moments, radial stress, and displacement for roller-propped circular porous plates with numerous
porosity parameters.

8.3. Hinged circular plate

In a clamped circular plate, the bending and displacement components with the gradient of the porosity
coefficient B are presented in Fig. 4. Figure 4a offers value of force N, with multiple values of porosity
coefficient 8. It is clear that the force N, curves reduce in direction of increasing radius 7. Value of forces N,
also achieves its lowest value in non-porous plate g = 0. As for value of moments M, in rotating porous disk, it
is presented in Fig. 4b and it is evident that there is a reverse relation among moments M, and porosity
coefficient 8, where high-level value of moments M, is acquired in non-porous plate 8 = 0, while lowest value
of moments M, is done at 8 = 0.7. Value of radial stress &, is shown in Fig. 4c. Radial stress curves &, intersect
with change in porosity coefficient § when 7 = 0.46. Radial stress curves g, also decrease in radius direction r
outward. It is evident from Fig. 4d that displacement curves u, are consistent with several values of porosity
coefficient . It is offered that displacement value u, = 0 at center of rotating circular plate ¥ = 0, and at the
outer radius 7 = 1. The displacement value u, increases from center of plate to outer radius of plate. In Fig. 4e,
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the displacement value w is displayed at multiple values of porosity parameter 8. Curves decrease from center
of plate ¥ = 0 to outer radius ¥ = 1 of the plate. It is evident that displacement curves w are consistent with
change in porosity parameter 3.

=

Fig 3: Forces, moments, radial stress and displacement for hinged circular porous plates with numerous porosity
parameters.

9. Conclusion

In results, the investigation of FG porous circular rotating plate appears significant insights into those non-linear
bending analysis and activity under different boundary conditions as well as the influence of temperature and matter
characteristics are graded in thickness of porous plate. Target is to present the bending on the circular plate with
porosity distribution. The results summarized as follows

e FSDT yields an exact solution for bending components and displacement.

e Numerical comes for various values of porosity coefficient of graded porous circular plate material with
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varying boundary conditions were compared and the results showed significant differences in the results.

e Inthe status of roller roller-propped circular plate, the results showed that in non-porous plate, lowest values
of moments and value and the highest values of stress resultant and radial stress were achieved.

¢ In the status of hinged circular plate, highest value of bending components, radial stress, and displacement is
done in a non-porous disc.

e In the status of clamped circular plate, the value of bending and displacement components varies with the
porosity coefficient and the radius value.

e Developing geometric models of porous circular discs with gradient properties is very important for stress
management and energy efficiency enhancement.

17— — 1 40— T 1

o v vy ]

Fig 4: Forces, moments, radial stress, and displacement for clamped circular porous plates with numerous
porosity parameters.
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